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Abstract 



The superselection structure of so{N) WZW models is investigated from the 
point of view of algebraic quantum field theory. At level 1 it turns out that the 
observable algebras of the WZW theory can be constructed in terms of even 
CAR algebras. This fact allows to give a formulation of these models close to 
the DHR framework. Localized endomorphisms are constructed explicitly in 
terms of Bogohubov transformations, and the WZW fusion rules are proven 
using the DHR sector product. 

At level 2 it is shown that most of the sectors are realized in T^ns = 
TYns ® T^NS where TYns is the Neveu-Schwarz sector of the level 1 theory. 
The level 2 characters are derived and TYns is decomposed completely into 
tensor products of the sectors of the WZW chiral algebra and irreducible 
representation spaces of the coset Virasoro algebra. Crucial for this analysis 
is the DHR decomposition of TYns into sectors of a gauge invariant fermion 
algebra since the WZW chiral algebra as well as the coset Virasoro algebra 
are invariant under the gauge group 0(2). 



Zusammenfassung 

Es wird die Superauswahlstruktur von so (A) WZW Modellen unter dem 
Gesichtspunkt der algebraischen Quantenfeldtheorie untersucht. Es stellt 
sich heraus, dafi sich fiir Level 1 die Observablenalgebren der WZW Theo- 
rie durch gerade CAR Algebren konstruieren lassen. Diese Tatsache erlaubt 
eine Formulierung fiir diese Modelle dicht am DHR Rahmen. Lokalisierte 
Endomorphismen werden explizit als Bogoliubov Transformationen konstru- 
iert, und die WZW Fusionsregeln werden mithilfe des DHR Sektorproduktes 
bewiesen. 

Es wird gezeigt, daB fiir Level 2 die meisten Sektoren realisiert sind in 
'^NS = '^NS ® '^nSj wobei TYns der Neveu-Schwarz Sektor der Level 1 Theo- 
rie ist. Die Level 2 Charaktere werden abgeleitet, und T^ns wird voUstandig 
in Tensorprodukte von Sektoren der WZW chiralen Algebra und irreduzi- 
blen Darstellungsraumen der Coset Virasoro Algebra zerlegt. Entscheidend 
ist bei dieser Analyse die DHR Zerlegung von Ti-^s in Sektoren einer eichin- 
varianten Fermionalgebra, da sowohl die WZW chirale Algebra als auch die 
Coset Virasoro Algebra unter der Eichgruppe 0(2) invariant sind. 
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Chapter 1 
Introduction 



This dissertation is concerned with the apphcation of methods of algebraic 
quantum field theory (AQFT) to concrete models of conformal field theory 
(CFT). Since the basic principles and the mathematical framework of AQFT 
and CFT are very different it is to be feared that the number of readers being 
familiar with both settings is rather small. Therefore we feel obliged to give 
some introduction to both, AQFT and CFT. However, it is not reasonable to 
present largely extended reviews here; for more detailed discussions of these 
topics we will refer the reader to the literature. 

1.1 The Algebraic Approach to Quantum 
Field Theory 



In the early sixties Haag and Kastler |^ began to develop the algebraic 
approach to quantum field theory. The aim of this program was to under- 
stand quantum field theory (QFT) in a mathematically rigorous way, and 
this can be seen in contrast to the Lagrangian approach which is, although 
being very successful in high energy physics, always accompanied by seri- 
ous mathematical problems. Employing only the basic principles of special 
relativity and quantum theory, they showed that it is natural to formulate 
QFT in terms of C*-algebras which are associated to bounded regions in 
Minkowski spacetime and represent physical quantities that are observable 
by measurements within these regions. Superselection sectors, convention- 
ally defined as (minimal) subspaces of the Hilbert space of physical states so 



that observables do not make transitions between them |Q, arise naturally 
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in this framework as the inequivalent irreducible representation spaces of the 
algebra of observables. 

1.1.1 DHR Theory: Starting from the Field Algebra 

In the first paper [|l^ of an important series, Doplicher, Haag and Roberts 
(DHR for short) started their analysis from the assumption of a given field 
algebra and a gauge group (of the first kind) acting on it, and defined the 
observables to be the gauge invariant part of this field algebra. More precisely, 
they considered a Hilbert space Ti of physical states with associated algebra 
^(7-^) of bounded operators. They assumed that to each bounded spacetime 
region O there is an associated von Neumann algebra ^{O) C 53 (7i), so that 
one has a net of local field algebras fulfilling isotony, i.e. Oi C O2 implies 
diOi) C d{02)- The total field algebra ^ is, by definition, the norm closure 
of the union of all local field algebras, 

o 

and is assumed to act irreducibly on Ti, 

(A prime always denotes the commutant in the algebra of bounded operators 
in the corresponding Hilbert space.) Further the following assumptions were 
made: There is a strongly continuous unitary representation U of the covering 
of the Poincare group V]_ such that the energy operator Pq has non- 
negative spectrum and the eigenvalue zero belongs to a unique (up to a 
phase) vector |f2o) ^ the vacuum state. The action U of P]. transforms 
the fields covariantly,Q 

U{L) diO) f/(L)-i = diLO) , Levi, 

and leaves the vacuum invariant, U{L)\Qq) = \Qo). Further there is a strongly 
continuous representation Q of a compact gauge group Q, commuting with 
U, acting locally on ^ in the sense that 

Q{9)d{o)Q {9r' = d{o), 9 eg, 

^This assumption of a Poincare covariant field algebra is rather restrictive, it excludes 
for instance Quantum Electrodynamics from the beginning. However, the setting was tai- 
lored to describe strong interaction physics with short range forces where the assumptions 
are coherent. 
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and leaving the vacuum invariant, Q{g)\D,o) — \^q). The local observable 
algebras 2l(0) are then defined as the gauge invariant parts of , 

^i^{0) = ^{0)nQ{gy, 

and the total observable algebra is 

2l = |j2l(C>). 

o 

The fields are local relatively to the observables, 

where denotes the C*-algebra generated by all with Oi space- 

like separated from O. Note that this implies in particular locality of the 
observables which is the manifestation of Einstein causality of observable 
quantities in QFT, 

Two further assumptions were made; a certain "cluster property" and the 
Reeh-Schlieder property which states that every analytic vector for the energy 
operator Pq (i.e. a vector |^) e ?^ such that the power series ||P(5*|^) 
has non-zero radius of convergence in t) is cyclic and separating for each 
Under these assumptions it could be shown that the Hilbert space 
decomposes as follows into superselection sectors H^, 

Here the sum runs over the spectrum Q of the gauge group, i.e. the set of 

unitary equivalence classes of all (unitary, continuous) irreducible repre- 
sentations of Q, and each multiplicity space carries a representation 
of class ^ with (finite) dimension d^, so that Q{g), g & G, takes the form 

Q(y)=01®Q^(^), 

whereas ^4 e 21 acts as 
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Here vr^ are irreducible representations of 21, and vr^ and vr^/ are inequivalent 
for C, 7^ The representation corresponding to the trivial class in Q is called 
the vacuum representation and is denoted by ttq. Note that the correspon- 
dence between the irreducible representations of the gauge group and those 
of the observable algebra induces a product of the superselection sectors of 21 
describing the composition of charge quantum numbers: It comes from the 
representation ring TZg = of the gauge group and can be expressed in 
terms of fusion rules, 

k 

where the non-negative integers iVjj'^, the fusion coefficients, describe the 
multiplicity of the representation class appearing in the decomposition of 
the tensor product of and ^j. 

With an additional maximality relation for the local observable algebras 
(Haag duality) and for the case that Q is abelian it could also be shown in 
[ll5| that for all ,^ G ^ there are certain localized automorphisms of 21 which 
are implemented by unitaries ip^ in some 5^(C), g^{A) = ip^Aip^, A G 21, such 
that 71^ is unitarily equivalent to ttq composed with f?^, vr^ ~ ttq o Later, 
Doplicher and Roberts were able to generalize this to non-abelian sectors 
(i.e. sectors with > 1 when the gauge group is non-abelian): These sectors 
correspond to non-surjective localized endomorphisms which are implemented 
by multiplets of isometrics ip"^^ in some t?(0), i = 1,2, ... , d^, transforming 
according to a representation of class ^ of the gauge group (and satisfying 
the relations of a Cuntz algebra). Since endomorphisms can be composed 
one gets a product of unitary equivalence classes [vr^] of representations vr^ of 
21 by defining 

Indeed, this product precisely reproduces the above sector product, we have 

k 

However, first the investigations were tackled from a different direction. 

1.1.2 DHR Theory: Starting from the Observables 

Already in their second paper [l^, Doplicher, Haag and Roberts began to 
investigate the theory when it is given in terms of observable algebras corre- 
sponding to the representation of 21 in the vacuum sector. The reason for this 
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new direction was that it seemed to be more natural to start only from ob- 
servable quantities whereas unobservable fields and the gauge group may be 
regarded as auxiliary objects. We will not give a complete historical review 
here but sketch some of the results of 0, 0, for a detailed treatment 
of these topics we refer to Haag's book ||3^. The theory is now given by a 
net of local von Neumann algebras TZ{0) acting on a Hilbert space TYq and 
labelled by (9 G V)C, the set of open double cones| in Minkowski space, and 
the algebra of quasilocal observables A is defined as the C*-algebra generated 
by all 7^(0), 

A= u no), 

O&VK 

where it is assumed that A!' = 03 (Ho). Since one interprets 7l{0) as 
7ro(2l((9)) in the previous framework, this requirement simply expresses ir- 
reducibility of the vacuum representation. One also assumes that there is a 
unitary, strongly continuous representation Uq of P_| such that the observ- 
ables transform covariantly and that the spectrum condition is fulfilled. The 
locality condition for observables will now be strengthened to Haag duality, 

n{o) = A{oy 

where A{0') again denotes the C*-algebra generated by all 7^(Ci) with Oi 
spacelike to O. While being a result in the previous setting, the DHR selec- 
tion criterion 

7rU(c") ^ 7^o\a{0') (1-1) 

for some double cone O and ttq = id will now serve as a selection criterion 
for physical representations vr that have to be considered. Q If one denotes the 
unitary operator realizing the equivalence ( p..!] ) by V then one obtains by 

g{A) = V*AV, AeA, 

double cone is a non-void intersection of a forward and a backward light-cone; the 
restriction to these special regions is just of a technical nature. 

■^It is now the DHR criterion which is too stringent for Quantum Electrodynamics as it 
excludes all states with non-vanishing charge by virtue of Gauss' law. Moreover, Buchholz 
and Fredenhagen pointed out JlO| that also in purely massive theories there can exist 
charges which are measurable at arbitrarily large distances. However, such a situation can 
be treated by replacing double cones by spacelike cones as (unbounded) localization 
regions, but this will not be considered here. 
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a localized endomorphism (i.e. g{A) = A whenever A G A{0')) satisfying 



TT ~ TTq O ^ . 

An important feature of these localized endomorphisms of the observable 
algebra A is that they allow to define a product of DHR sectors, i.e. of 
equivalence classes [vr] of representations vr satisfying (|1.1|), without the pres- 
ence of a gauge group a priori; namely again by [vr] x [n'] = [ttq o gg']. So we 
still have a product structure of charge quantum numbers ^ which label the 
DHR sectors [vr^]. Assuming also the Borchers properti^ it could be shown 
in [|1^, [1^ that to every charge ^ there is a unique conjugate charge ^ which 
means that [ttq] appears (precisely once) in the product [vr^] x [tt^] . Moreover, 
to each charge sector there is an associated representation of the permuta- 
tion group which is characterized by its statistical dimension d^, the order 
of parastatistics, and a sign which distinguishes para-Bose from para-Fermi 
statistics. Thus simple sectors {d^ = 1) obey ordinary Bose or Fermi statis- 
tics. One observes that such superselection structures are completely analo- 
gous to the ring structure of (equivalence classes of) irreducible, continuous, 
unitary representations of compact groups: The sector product corresponds 
to the tensor product of group representations, and the statistical dimension 
to the ordinary dimension of group representations. It took some years until 



Dophcher and Roberts pO] succeeded in proving that the assumed structure 



is indeed enough to reconstruct a field net and a compact gauge group so 
that the observables can be recovered as the gauge invariant fields. 

We have to mention that some deviations of the structure described above 
arise if one considers localizable charges in two-dimensional spacetime. Ow- 
ing to the fact that the spacelike complement of a double cone then has two 
connected components one obtains, in general, braid group statistics instead 



of permutation symmetry of the sectors |^ . This leads to theories containing 
particles like "anyons" and "plektons" . 



1.2 Conformal Field Theory 

We will give some brief introductory remarks on a few topics of CFT here, 
and we hope that it will make the comprehension of the following chapters 

^Thc Borchers property states that for each non-zero projectfon E in some TZ{0) there 
is a double cone Oi containing O properly so that E is equivalent to the identity within 

7^(Ol). 
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easier. For a detailed treatment we refer the reader to the hterature on CFT 
and its mathematical background, e.g. 0, ^ or Fuchs' book p5 . 



1.2.1 CFT Basics 

A CFT is a quantum field theory where the fields transform covariantly under 
the conformal group. The conformal group is the group of transformations / : 
M-^ of D-dimensional spacetime so that the metric g transforming 

to g' = g o f^^ remains invariant up to a scalar factor, g'ny{x') = Q{x)g^ 



Q{x) 7^ 0. The conformal group contains the Poincare group {il{x) = 1) as 
a subgroup. If _D > 3 the conformal group is generated besides translations, 
x"^ = x^ + a^, and Lorentz transformations, x'^ = A^^^x", also by scale 
transformations x'^ = Xx'^, A > 0, and special conformal transformations 

x'^ = — -, b^" eR^ . 

l + 2b-x + b^x^ 

These transformations generate a group of dimension {D + l){D + 2)/2 which, 
however, does not act properly on since special conformal transforma- 
tions can map finite points to infinity. A proper action can be arranged 
by a suitable compactification of the spacetime. For D = 2 the situa- 
tion is rather different; the conformal symmetry then is infinite dimensional. 
The corresponding Lie algebra consists of two copies of the Witt algebra. 
The Witt algebra is the Lie algebra with generators im, m E Z, subject to 
relations 

If the Minkowski space is compactified to = 5*^ x 5*^, where each circle is 
the image of light ray coordinates x± = x^±x^ via the Cayley transformation 

_ „i 1 + ix+ _ 1 + ix- 

X±\ > Z,Z e S , Z= : , Z = : , 

1 — 1X+ 1 — IX- 

then the Witt algebra action can be realized by 

az az 
At the quantum level it is no longer the Witt algebra which implements 
the conformal symmetry but the Virasoro algebra 23ir with generators L^, 
m G Z, and a central element C satisfying relations 

[Lm, Ln] = (m - n)Lm+n + ^ -n m(m^ - 1) C . 



7 



The Virasoro algebra is the unique non-trivial central extension of the Witt 
algebra. The extension is necessary because one requires the conformal en- 
ergy operator H = Lq + Lq to be bounded from below. Here Lq G 23ir, the 
second copy of the Virasoro algebra. In general, the Hilbert space of physical 
states of a two-dimensional CFT splits as 

id 

where Hi and Hj carry unitary irreducible representations of 23ir and 5Jir. 
Let us consider one copy of the Virasoro algebra alone for a while. Unitarity 
means that L"^ = L_m- The positive energy condition now means that the 
spaces TC = Hi have to be highest weight modules, i.e. there is a vector 
I Ha) G H such that 

LoiriA) = ai^a) 

with a scalar A, and 

Lml^A) = , m > . 

By irreducibility, the central element C acts as a scalar c. Moreover, H is 
spanned by vectors 

L_m,L_m2 ■ ■ -L-mJ^A) , mi >m2 > ■ ■ ■ >mk > . (1.2) 

In general these vectors span the Verma module M (c. A) freely. However, 
the unitarity condition may imply linear dependencies of vectors ( |1.2| ), or, 
equivalently, the existence of null states with vanishing norm. Unitarity 
imposes also restrictions on the possible values of c and A. 

Let us now turn to the picture of quantum fields acting in the Hilbert 
space Tiphys- We first would like to emphasize that unitary modules over Lie 
algebras possess a pre- Hilbert space structure and are, for example, generated 
by the finite linear span of vectors like (|1.2|) . Since in quantum physics one 
has to deal with Hilbert spaces we will use the corresponding Hilbert space 
completions so that the modules appear as their dense subspaces. When there 
is no confusion with domains of unbounded operators etc. we will sometimes 
sloppily use the term "modules" also for the completed spaces. The first 
field one may introduce is the conformal stress energy tensor, defined by the 
(formal) series 

T{z) = J2 ^"^~'L^ 
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and analogously T{z). Very important objects in CFT are the primary fields. 
A primary field (j){z, z) of weight (A, A) transforms, by definition, covariantly 
relative to the stress energy tensor, i.e. 

[L™, z)] = (z§-^ + (m + 1) a) z) , 

(1.3) 

[L^, (t>{z, z)] = z^ (z§= + (m + 1) a) <t){z, z) . 

Note that the stress energy tensor itself is not a primary field. The fields are 
understood to be "analytically continued" to C \ {0} in both variables z^z. 
In a fixed CFT the value of c is fixed and it is also assumed that there is a 
vacuum vector \VLq) G TYphys of highest weight zero, -LqI^o) = -^ol^o) = 0. An 
important feature of a primary field with weight (A, A) is that it creates 
a highest weight vector with weight (A, A) out of the vacuum in the sense 
that 

lim (j){z,z)\VtQ) = \Qaa) ■ 

Thus we have a state-field-correspondence between highest weight states and 
primary fields. Similarly, fields that correspond to non-highest weight vec- 
tors are called descendants. For the primary fields one introduces operator 
product expansions. 



[Z,Z)(l)j[W,W) 



Ci/(z, z, w, w)4>k{w, w) + ... 



in terms of radially ordered products, i.e. \z\ > \w\, \z\ > \w\. Here the dots 
stand for contributions of descendants. Conformal covariance implies that 

Ci/(Z, Z, W, W) = {Z- yj)^^-^^-^. (z - wf^-^^-^. Cij'' . 

The constants Cij'' may be interpreted as an analogy to Clebsch-Gordan 
coefficients. Somewhat coarser information is encoded in the fusion rules 



(pi X (f)j = Y^ N, 



where the (non-negative integer) fusion coefficients indicate whether the 
primary field (pk appears in the operator product expansion of 0, and 0j 
{Nij^ 7^ 0) or not {Nij^ = 0). The primary fields of a CFT model generate 



an associated fusion ring TZ (over Z), see e.g. [26]. Since such fusion rings 
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are abelian there are only one- dimensional representations. There is a dis- 
tinguished positive representation V which associates to each primary field 
(f)i a quantum dimension T>i = T>{(j)i) > 0. 

In generic CFTs the two copies QJir x 53ir are extended to a larger symme- 
try algebra 211 x 22J and each chiral halfW, 22J contains a Virasoro algebra as 
a subalgebra. In such theories there can appear fusion coefficients Nij^ > 1. 
This corresponds to the fact that there might be additional contributions 
of descendants in the operator product expansions that would be excluded 
in the case Ntj^ = 1 by SH, SH-symmetry, see e.g. p5|, Sect. 5.1]. Exam- 



ples of CFTs with enlarged symmetry algebras are the Wess-Zumino- Witten 
(WZW) theories that will be discussed now. Moreover, one may treat each 
chiral algebra for its own so that one has a chiral CFT on the circle. 



1.2.2 WZW Theories 

In a WZW theory the chiral algebra 211 is given by the semi-direct sum 
of an (untwisted) affine Kac-Moody algebra g and an associated Virasoro 
algebra. This has to be made a little bit more precise now. Let be a 
simple finite-dimensional Lie algebra. Recall that q has a canonical triangular 
decomposition, 

g = 0+ © () © 0- 

where the commutative Cartan subalgebra f) has a basis {H^ , j = 1, 2, ... , i} 
and the subalgebras 0-|- are generated by Chevalley generators j = 
1,2, ... ,i, subject to commutation relations 

[W, H'] = 0, [Ei, Et] = 6,,kH^ , [W, El] = ±{a^^^^y El , 

where the a^'^^ are the simple roots of the Lie algebra 0. The associated 
(infinite-dimensional) affine Lie algebra is generated by a central element 
K and the range of linear mappings Jm : — > 0, T i— > JmiT), m G Z, so that 
commutation relations [Jm{T),K] = and 

[Jm{T),UT')] = J^+n{[T,T'])+m6,nMT\T')K 

hold. Here (-I-) denotes the invariant bilinear form of 0. Adding one further 
element D, the "derivation", satisfying 

[D,J^{T)]=mJ^{T), [D,K] = {) 
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one obtains the full affine Kac-Moody algebra according to Cartan's classi- 
fication, for simplicity, we will also refer to g as the afiine Lie algebra when 
the derivation is omitted, however. The affine Lie algebra inherits also a 
triangular decomposition, 

5 = 0+ e ^ e 0_ 

where 0± = Jo{q±) © 0^=^ J±m{Q) and i) = Jo(f)) ® CK ® CD. Similarly, 
one has Chevalley generators E Q±, j — 0,1, ... 

Si = MEi), j = l,2,...,£, Sl = ±J±i{E±g). 

Here Eq e Qis the element corresponding to the highest root 9 of Q. We also 
introduce Ti^ = Jo{H^), j = l,2,...,i. It is the triangular decomposition 
which allows to define highest weight modules over an affine Kac-Moody 
algebra quite parallel to those over simple Lie algebras. A highest weight 
module over an affine Lie algebra g is a vector space Ha with a highest 
weight vector e Ha that is annihilated by the Chevalley generators of 
positive grade, 

£||Oa) = 0, i = 0,l,...,£, 
the Cartan subalgebra acts by scalars on |J1a), 

Ti^l^A) = a^I^a), K\nA) = k\nA), 

and the action of g_ on I^a) spans the whole vector space Ha- For integrable 
highest weight modules (i.e. those modules which admit a certain definition 
of an exponential map) the normalized eigenvalue of K, called the level, 



(9^ is the square length of the highest root of g) can only be a non-negative 
integer. The interesting highest weight modules for CFT are the unitary ones, 
i.e. those which possess a pre-Hilbert space structure such that (^+)* = Si_ 
and {Wy ~ W. Prom the unitarity requirement arise severe restrictions 
on the possible weights A = (A-'): At a fixed level k'^, there is only a finite 
number of admissible weights A. 

It is the Sugawara construction which associates to an affine Lie algebra 
a realization of the Virasoro algebra. This works as follows: Fix a basis 
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{T^ a = 1, 2, ... , dinifl} of g such that {T^\T'') = 5a,b and set = JraiT""). 
In particular in a highest weight module the following expression is well 
defined, 



^ dim 



2^ 2. , meZ, 



Here is the dual Coxeter number of g, and we used the normal ordering 
prescription 

f /a Ta m < n 

. 10. ja. _ \ '^m'^n '"' ^ 

™ ~ ' J^J^ m > ■ 



n m 



One checks that 

[L^,j;j] = -nJ^^„, (1.4) 

in particular, the generator — Lq can be identified with the derivation D. 
Moreover, at a fixed level k'^ , the Lm satisfy the relations of the Virasoro 
algebra with fixed value of the central charge 

k"^ dimg 

A;^ + g"" 

As mentioned, for a WZW theory the chiral algebra is given by 

2rr = X 5Jir 

acting on a (pre-) Hilbert space which is the direct sum over the unitary 
highest weight modules of g at a fixed level, and QJir is given by the Sugawara 
construction. (If we consider an afiine Lie algebra q concretely realized at a 
fixed level k'^ it will often be denoted by g^v.) Note that the currents 



from (|1.4| ) in comparison with (|1.3|) are (chiral) primary fields of unit weight. 
Physicists often use the term "current algebras" instead of affine Lie algebras. 

Also very important objects in CFT are the Virasoro specialized charac- 
ters. By positivity of Lq one can define in a module Tii of the chiral algebra 



Xi(r) =tr„,g^°-^ (1.5) 
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where q = exp(27rir) and r is in the upper complex half plane. Such char- 
acters possess simple transformation properties with respect to the mod- 
ular group PSL[2\'L) which can be generated by elements 5, T with rela- 
tions S"^ = [ST)^ = 1 and realized by transformations T : t ^ r + 1 
and S : T \—>- —1/t. The characters form a (projective) representation of 
PSL{2] Z) in the sense that 5* acts ClS db matrix {Sij), 

j 

whereas T acts diagonally, 

Xi{T + 1) = exp {2m (A^ - ^)) Xi{r) • 

Such characters are very helpful tools in the analysis of CFTs. There is an 
amazing connection between the modular transformation matrix S and the 
fusion rules; namely S "diagonalizes the fusion rules" in the sense that 

p^.k^sr^ SiiSji{S~^)ik 
I 

This is called the Verlinde formula (since it goes back to a conjecture of E. 
Verlinde), and sometimes it is convenient to use this formula for the explicit 
computation of the fusion rules of WZW models. 



1.2.3 Coset Theories 



An important tool to generate new CFTs from WZW theories is the coset 
construction of Goddard, Kent and Olive |31|, We will briefly sketch 



some of the ideas of ^ and also here. First we have to note that 
the Sugawara construction can be generalized to affine Lie algebras q based 
on semisimple Lie algebras g, i.e. Lie algebras of the form g = 0i©02ffi- • •©fln 
with Qi simple. Modules of such q are typically of the form H = <S)^=i 
where Hi are modules of the affine Lie algebras Qi associated to Qi. Suppose 
that the Tit are (unitary) highest weight modules of Qi at fixed levels ki. Then 
we can define 
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where is the Virasoro operator associated to Qi (acting non-trivially on 
the i-th tensor factor Tii). Such operators satisfy the relations of a Virasoro 
algebra with central charge = X^ILi*^^*- Now suppose that there is a 
subalgebra f) C g with associated affine Lie algebra f) and Virasoro operators 
L^. The operators 

m m m 

generate the coset Virasoro algebra ^Jir^^'' which is a Virasoro algebra of 
central charge c^^^ = ~ c^. Further one checks 

[Lfi\j:] = (1.6) 

where J^, a = 1,2, ... ,dim(), are the generators of I). Let Ha be a highest 
weight module over g of weight A. As a module over f), one can decompose 
Ha as 

Ha = ^Ha;x®HI (1.7) 

A 

into tensor products of branching spaces Ha;x and highest weight modules 
H\ over t). The branching spaces Ha-x constitute modules of ^Jir^'''' due 



to ( |1.6|) ; they are in general not irreducible but can be interpreted as the 
representation spaces of an enlarged algebra Cos of a certain coset CFT. On 
the level of characters, the decomposition (|1.7|) reads 



XA{r)=J2bA;x{r)x\{r) 



and the branching functions bA;x are to be interpreted as (sums of) the char- 
acters of the coset CFT. 

Let us illustrate this at a special example. Let g = n © n with n a simple 
Lie algebra. Consider a (highest weight) module over q of the form 

Ha,a' = ® 

where H^^^ is a level 1, and H^^) is a level k module over n. Further, let f) 
be the diagonal embedding of n in g. Then t) acts on Ha,a' at level k + 1. 
According to ( |1.7| ) we may decompose Ha,a' into highest weight modules 
T^f over ^^.+1, 



Ha,a' = 0^A,A';A®^ 



(fc+i) 

A 
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where the branching spaces Hx,a'-\ constitute modules of Cos of the coset 
theory which is in this special case denoted by (fii © ftfe)/nfc+i. For the 
characters the branching reads 

A 

Here Xa "* ? Xa''' ? Xa^^^'' denote the characters of highest weight modules over 
n at levels 1, k, k + 1, respectively, and the branching functions &a,A';A are 
characters of the coset CFT (fii © hk)/hk+i. In this procedure was suc- 
cessfully used to realize the full discrete series of highest weight modules 
over QJir with central charge < c < 1 with n = 5u(2). In Chapter 4 we will 
concentrate to the special coset CFT (so(A^)i © so(A^)i)/so(A^)2. 

1.3 CFT within the Algebraic Approach 

It is perhaps not too surprising that there are always difficulties to apply the 
abstract and conceptually clear mathematical setting of AQFT to concrete 
quantum field theoretical models. However, models of CFT seem to be a 
fruitful area of application of the algebraic methods. Although the technical 
tools that are used in the algebraic approach and in CFT are rather different, 
a lot of structural similarities has been observed for a long time. The ap- 
pearance of braid group statistics in two-dimensional spacetime is only one 
aspect. Indeed, the symmetry (or chiral) algebras seem to play a role parallel 
to that of the observable algebras in the algebraic approach, and their highest 
weight modules appear as the perfect analogue to the superselection sectors. 
Therefore a suitable formulation of CFT models in the algebraic framework is 
expected to reproduce the conformal fusion rule structure by the DHR sector 
product. Unfortunately, these natural translation prescriptions do not have 
the status of a proven mathematical theorem. Moreover, certain deviations 
of the canonical DHR framework will necessarily arise because the fusion 
rings of CFT models are in general not associated to DHR gauge groups 
but to more general "quantum symmetry" objects like quantum groups. For 
instance, the quantum dimensions T> which would correspond to the repre- 
sentation dimension (or statistical dimension) in the DHR framework are in 
general non-integral. But there is a small number of CFT models which have 
been successfully investigated in the algebraic framework and where these 
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correspondences could be established. These models are chiral theories, so 
we have to discuss how the algebraic framework looks on the circle. 

1.3.1 DHR Theory on the Circle 

We have seen that the circle as a "spacetime" arises as the compactifi- 
cation of a light cone axis. Since double cones in project to intervals 
on the light cone, the natural localization regions on the circle are non-void, 
open proper sub intervals I <Z S^; the set of those will be denoted by J'. We 
give a formulation starting from the observables in the vacuum sector par- 
allel to the discussion in Subsection 1.1.2. Acting in some Hilbert space Hq 
we have for each I & J a. local von Neumann algebra 7^(/) so that isotony 
holds, Ji C Jo implies 7^(/i) C 7?.(/o). Instead of the Poincare group here 
the group PSU (1, 1) acts as the spacetime symmetry,^ i.e. there is a strongly 
continuous representation U of PSU (1,1) in Tio. The observables transform 
covariantly, 

U{g)n{I)U{g)-^ = n{gl) , g E PSU {1, 1) , 

and the generator Lq of rotations has non-negative spectrum. The eigenvalue 
zero belongs to a unique vacuum vector |fio) ^ '^o- Since spacelike separated 
double cones project to disjoint intervals, the locality requirement becomes 
now 

7^(/l)c7^(/2)^ /in/2 = 0. 

A total algebra cannot be defined as the norm closure of the union of all local 
algebras since the set J is not directed by inclusion. However, for ^ e 5^, 
the set Jc_ of intervals I E J that do not contain ^ in their closure is directed; 
we obtain a bundle of C*-algebras 

= U ^(^) ' 

each invariant with respect to the subgroup of PSU{1, 1) leaving the point 
( invariant. Following |^, one could also introduce the universal algebra; 
however, for our applications it turned out to be more convenient to restrict 
to a fixed algebra A(^. We call such an algebra A( the observable algebra of 
the punctured circle, the point ( will then be called "point at infinity" . 

^The explicit action of PSU (1, 1) on the circle will be discussed in Chapter 3, Subsection 
3.1.4. 
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1.3.2 Models 



The first example of a CFT treated in tlie algebraic framework was the u(l) 
current algebra on the circle |11|, generated by a current J{z), z E S'^, with 
commutation relations 



[J{z),J{z')] = ~6\z-z'), 
or, in the language of Fourier-Laurent components 

The sectors of the theory are the highest weight modules of the u(l) current 
algebra and are specified by a highest weight A G M which we call the charge 
in this context. Introducing Weyl operators 

W{f)=e^'^f\ J[f) = j^^J{z)f{z), 

for real test functions / on the circle, one arrives at a C*-algebra description 
and has relations 

W{f)W{g) = e-^^f'^y'Wif + g) , 9) = j f'i^)9iz) . 

Local observable algebras are then defined to be generated by Weyl operators 
W{f) with locally supported test functions /. The relevant endomorphisms 
Qq (which are indeed automorphisms here) are induced by certain "charge 
functions" q on 5*^ with zq[z) G M; they are defined by their action on Weyl 
operators 

0,iWif )) = e'«(^)l^(/) , qif) =1^ q{z)f{z) . 
Such endomorphisms indeed generate a sector of charge 

A somewhat more interesting model, namely the chiral Ising model, was 
first investigated in from the algebraic point of view. This model is. 
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roughly speaking, given by a c = 1/2 Virasoro algebra, and its three inequiva- 
lent, unitary, irreducible highest weight modules are realized in fermionic rep- 
resentation spaces. More precisely, there appear two different representations 
of the canonical anticommutation relations (CAR), the Neveu-Schwarz and 
the Ramond sector. The 23ir-modules arise as their subspaces related to the 
fact that the Virasoro generators act as unbounded expressions in fermionic 
creation and annihilation operators. This explicit realization allowed to em- 
ploy the structure of the underlying fermions to construct the relevant en- 
domorphisms which indeed reproduced the Ising fusion rules. However, the 
use of observable algebras containing unbounded elements and also the use 
of non-localized endomorphisms did not really fit into the DHR framework 
so that some open questions were left. In particular, non-localized endomor- 
phisms do not generate a unique fusion ring. A formulation more close to 
the DHR framework was given in ||^ . The foundation of the analysis carried 
out there is the fact that the representation theory of the even CAR algebra 
(i.e. the subalgebra of the CAR algebra generated by bilinear expressions 
in creation and annihilation operators) reproduces precisely the modules of 
the c = 1/2 Virasoro algebra. Therefore local even CAR algebras could be 
identified as local observable algebras and the localized endomorphisms that 
generate the sectors could be defined in terms of Bogoliubov transformations 
of the CAR algebra, moreover, since local normality could be proven, their 
action could be lifted to a net of local von Neumann algebras. Having the 
well-developed mathematics of Bogoliubov transformations and quasi-free 
states of CAR at hand, various equivalences could be proven; as a result, the 
Ising fusion rule algebra was rigorously verified. We provide a generalization 
of this analysis to the level 1 so{N) WZW models in this dissertation in 
Chapter 3. 

There is another important operator algebraic approach to CFT, namely 
Wassermann's analysis of fusion of positive energy representations using 
bounded operators. Although making essential use of the fermionic con- 
struction in WZW models, the algebras of bounded operators do not arise as 
certain fermion algebras in this analysis but from representations of the Lie 
group which corresponds to the chiral (Lie) algebra. The Lie group associ- 
ated to a WZW model with chiral algebra g xi 5Jir is given by a semidirect 
product CG X DiffS*^ where CG is a central extension of the loop group LG 
and DiffS*^ is the diffeomorphism group of the circle. Let G be a compact 
Lie group with associated Lie algebra q. The elements of the loop group 
LG are the smooth mappings from the circle S*^ into the group G ("loops"). 
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and the group product is given by point- wise multiplication The in 



teresting representations of LG are those of positive energy i.e. unitary, pro- 
jective representations that extend to LG x DiffS*^ so that the generator of 
rotations is bounded from below. Such projective representations come from 
genuine representations of £6*, a central extension of LG by the circle group 
T. Indeed, the positive energy representations of LG are just the "integrated 
versions" of the unitary integrable highest weight modules of the Lie algebra 
g XI QJir. Wassermann's analysis essentially concentrates on the special case 
G = SU{N) where the positive energy representations of the loop group 
LSU (N) are realized in fermionic Fock spaces. Local algebras arise in the 
framework of loop groups naturally as the von Neumann algebras which are 
generated by local loop groups LjG in a certain representation; for some in- 
terval I <Z the local loop group Lj G consists of those loops equal to the 
identity off /. However, Wassermann does not use endomorphisms to fuse 
the positive energy representations of LSU{N) but the so-called "Connes 
fusion" coming from the theory of bimodules over von Neumann algebras. 
With this machinery he can indeed reproduce the fusion rules of LSU (N) 
at arbitrary level given by the Verlinde formula. Moreover, he can prove 
that the Connes fusion is equivalent to the DHR sector product of localized 
endomorphisms. An approach to the discrete series representations of Diff S*^ 
following Wassermann's ideas is given in . 



1.4 Summary of Results and Overview 

We have already discussed that the unitary highest weight modules of the 
chiral algebra play the role of the superselection sectors of the WZW theory. 
In this dissertation we investigate the superselection structure of so{N) WZW 
models at level 1 and 2. At level 1 we are able to present an operator algebraic 
formulation of these models close to the DHR framework. We did not succeed 
in developing an analogous program at level 2, however, we will show that 
the mathematical methods of the DHR analysis can be successfully applied 
to figure out a lot of information on the superselection structure of the WZW 
models at level 2 and, possibly, also at higher level. 
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1.4.1 Results (Level 1) 



At level 1 the so (A') WZW models have only a small number of sectors, 
the basic (o), the vector (v) and two spinor modules (s, c) if N is even, 
= 2£, respectively the basic, the vector and one spinor module (a) if 
N is odd, N = 2i + 1. It is known that these modules are realized in 
two representation spaces of CAR, namely in the Neveu-Schwarz sector Hns 
(o,v) and in the Ramond sector Hr (s, c resp. a). For the explicit realiza- 
tion, we use Araki's selfdual formahsm of CAR. The selfdual CAR algebra 
C(/C,r) is the C*-algebra generated by elements B[f), B linear in vectors 
/ of some Hilbert space /C which is endowed with a complex conjugation 
r, so that {B{f)%B{g)} = {f,g)l and = B{Tf), f,g e holds. 

The notion of creation and annihilation operators appears in this framework 
only in a chosen (Fock) representation of C(/C,r). In our case the under- 
lying "pre-quantized" Hilbert space is /C = L^(S'^;C^). In T^ns and T^r 
act representations ttns respectively ttr of C(/C, F), and the actions of sb{N) 
in T^NS and T^r arise via second quantization from a natural action in the 
pre-quantized Hilbert space. The second quantized currents and also their 
Sugawara operators possess expressions as sums over bilinears in creation 
and annihilation operators. Using some well-known facts on the CAR alge- 
bra and applying also some of our own results on the decomposition of certain 
CAR representations into irreducibles, we can show that the representations 
of the even CAR algebra C(/C, F)+ (the subalgebra generated by bilinear ex- 
pressions B{f)B{g), f,g e K,) reproduce precisely the sectors of the chiral 
algebra in Hns and TYr. Thus we can identify the even CAR algebra as 
obscrvables, and a local net structure comes from the natural embedding of 
the underlying pre-quantized spaces L^(/;C^) with I G open intervals. 
Thereby we distinguish a point at infinity ( & and restrict to "finite in- 
tervals" i.e. those intervals such that C is not contained in their closures. 
The WZW sectors then appear as irreducible summands of the restrictions 
of ttns and ttr to C(/C,r)+; the vacimm sector of the theory corresponds to 
the basic module. Therefore the localized endomorphisms that generate the 
relevant sectors can be defined as endomorphisms of the (even) CAR algebra; 
we can realize them explicitly in terms of Bogoliubov transformations. Using 
again CAR mathematics, we can prove that their composition realizes the 
WZW fusion rules. A crucial point is that local normality holds, i.e. we prove 
that the representations which represent the sectors are quasi-equivalent in 
restriction to any local algebra. This fact allows to extend the representa- 
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tions and endomorphisms to a net of local von Neumann algebras which is 
obtained by weak closure of local C*-algebras in the vacuum sector. It is 
shown that the net obeys Haag duality on the punctured circle. Thus we are 
in the position that the composition of our special localized endomorphisms 
generalizes indeed to their unitary equivalence classes, i.e. we have a well- 
defined DHR sector product, and we prove rigorously that it reproduces the 
WZW fusion rules. 

We believe that the proof of the WZW fusion rules in terms of the DHR 
sector product is remarkable because it is completely independent of the 
methods that are used in CFT to derive fusion rules (and which do not all 
possess a mathematically satisfactory status) . Therefore we beheve the goal 
of this analysis to be two-fold: Firstly, a non-trivial model of CFT could be in- 
corporated into the DHR framework and expected correspondences between 
CFT and AQFT could be established explicitly. Secondly, the conformal 
fusion rules could be proven in a rather independent way. 

1.4.2 Results (Level 2) 

It is well-known that /c'^-fold tensor products of level 1 modules contain level 
A;^ modules (with an infinite multiplicity) and that all level A;^ modules can 
be realized in this way. More precisely, the tensor products of gi-modules 
decompose into tensor products of gj^v-modules and modules of the coset 
CFT (0i)®^^/0fcv. We employ this idea to realize sectors of sb{N) WZW 
models at level 2: In the tensor product space 7t!ns = 'Hns ® 'Hns (the 
"big Fock space") we have a canonical action of sb(iV) at level 2. Hence 
all the level 2 modules that appear in tensor products of the level 1 basic 
and vector modules are realized in the big Fock space TYns- K is somewhat 
surprising that, although we do not consider tensor products of the level 1 
spinor modules, "nearly all" level 2 WZW sectors are realized in TYns; ^ + 3 of 
£ + 7iiN ^2e respectively i + 2 oi £ + A ii N ^ 21 + 1. However, since they 
appear with infinite multiplicities it would in general be a rather hopeless 
task to identify all irreducible components within TYns- It is in fact the DHR 
theory that yields a very useful order structure in the big Fock space: On 
?Yns their acts a canonical fermion field algebra ^ which can be built out of 
a net of local field algebras. The fermionic expressions of the level 2 currents 
are invariant under the gauge group 0{2). Hence the full chiral algebra of 
the WZW models is gauge invariant. Moreover, the Virasoro generators of 
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the relevant coset CFT 

Cos = {sb{N)i®fo{N)i)/fo{N)2 

living in TYns are gauge invariant as well. We introduce an algebra 2t as 
the gauge invariant part of ^ and we can decompose the big Fock space into 
sectors of the gauge invariant fermion algebra a la DHR. By gauge invariance, 
neither the currents of so(A^)2 nor the coset Virasoro operators can make 
transitions between these sectors. However, the 21 sectors are not irreducible 
with respect to the action of sb{N)2. Indeed we have proper inclusions^] 

Here 2lwzw denotes the algebra of bounded operators which corresponds 
to the chiral algebra of the WZW model: It can be constructed from the 
action of local loop groups LjG with G = SO{N) in T^ns- The algebra 
2lwzw contains the bounded functions of locally smeared currents and the 
irreducible spaces of the positive energy representations are precisely the 
highest weight modules of the chiral algebra. 

Fortunately, the central charge of the Virasoro algebra of the coset CFT 
{sb{N)i (B sb{N)i)/sb{N)2 equals one, and the c = 1 CFTs are all classified. 
In our context, it easily turns out to be a so-called c = 1 Z2 orbifold which 
is well understood. In particular, the characters of its irreducible modules 
are given in the literature. However, the branching rules corresponding to 
the embedding of so(A^)2 modules in the tensor products of sb{N)i basic and 
vector modules were not completely known; they turn out as a result of our 
analysis. We present a large set of simultaneous highest weight vectors of 
so{N)2 and the coset Virasoro algebra. Moreover, a detailed analysis of the 
Virasoro specialized characters corresponding to the sectors of 2t allows to 
puzzle out the complete decomposition of T^ns into tensor products of so(A^)2 
highest weight modules and irreducible modules of the coset Virasoro algebra. 
The solution of this puzzle includes also an independent derivation of the 
level 2 characters which are, however, already known in the literature. We 
believe that besides these results the explicit construction of level 2 modules 
and modules of the coset CFT within tensor products of level 1 modules 

^That the inclusion Stwzw C 2t is proper is clear since at least the coset Virasoro 
algebra which does not belong to the WZW chiral algebra is gauge invariant as well. This 
is in contrast to the situation at level 1 where the gauge (Z2) invariant fermion algebra is 
identified to be the observable algebra of the WZW model. 
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is of some particular interest because all these structures become relatively 
transparent due to the fermionic realization. 

1.4.3 Overview 

This dissertation is organized as follows. In Chapter 2 we present two rather 
different mathematical tools which will be intensively employed in our anal- 
ysis of the WZW models. Firstly, wc introduce Araki's selfdual CAR algebra 
and present some well-known results on quasi-free states, Fock representa- 
tions and Bogoliubov transformations. We have included some of our own 
results on the decomposition of representations induced by Bogoliubov en- 
domorphisms into irreducibles, because these theorems will be applied in 
Chapter 3. Secondly, we present several technical details of the simple Lie 
algebra so{N) and the associated affine Lie algebra sb{N) since this will be- 
come relevant in the following chapters, especially in Chapter 4. We also 
hst the unitary highest weight modules and fusion rules of the so{N) WZW 
models at level 1 and 2. 

In Chapter 3 we analyze the 3o{N) WZW models at level 1. We describe 
how the realizations of so(A^)i arise via second quantization from a natural 
action of sb(iV) in the pre-quantized space L'^{S^; C^). Employing the repre- 
sentation theory of even CAR we discuss in detail the treatment of the WZW 
models in the algebraic framework: We introduce a net of local C*-algebras, 
construct localized endomorphisms and extend them to a net of local von 
Neumann algebras. Finally we prove the WZW fusion rules in terms of the 
DHR sector product. 

In Chapter 4 we analyze the so{N) WZW models at level 2. We introduce 
the big Fock space and, acting on it, the fermion algebra and its gauge in- 
variant subalgebra. Employing the representation theory of the gauge group 
(9(2) we decompose the big Fock space into the DHR sectors of the gauge 
invariant fermion algebra. We present a large set of simultaneous highest 
weight vectors of sb{N)2 and the coset Virasoro algebra 5Jir^ in terms of 
fermionic creation operators acting on the vacuum. A detailed analysis of 
the Virasoro specialized characters ends up with the decomposition of the 
big Fock space into tensor products of level 2 highest weight modules and 
irreducible modules of the coset Virasoro algebra. 
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Chapter 2 

Mathematical Prehminaries 



In this chapter we prepare some mathematical background because it will 
be needed in the following chapters. In order to keep these mathematical 
technicalities out of the later discussion of the WZW models, we treat two 
rather different mathematical fields here. Firstly, we discuss the CAR al- 
gebra, quasi-free states and Bogoliubov transformations in Araki's selfdual 
formulation of CAR. Secondly, we treat the Lie algebras so{N) and so(A^). 



We follow essentially Araki's articles |[|, |[. For a detailed discussion of the 
CAR algebra and the connections between its different formulations see also 



2.1.1 Basic Notations and Results 

Let /C be some infinite dimensional separable Hilbert space endowed with an 
antiunitary involution F (complex conjugation), F^ = 1, which obeys 



The selfdual CAR algebra C(/C, F) is defined to be the C*-norm closure of the 
algebra which is generated by the range of a linear mapping B : f ^ B{f), 
such that 



2.1 The Selfdual CAR Algebra 
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{Tf,Tg) = {g,f) 



{B{fr,B{g)} = {f,g)l 



BUY = B{Vf) 



f,g e IC, 
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holds. The C*-norm satisfies 

< 11/11, /G/C. (2.1) 

The states of C(/C, F) we are interested in are called quasi-free states. By 
definition, a quasi-free state uj fulfills for n G N 

uj{BU\)---B{hn+i)) = 0, 

n 

a j = l 

where the sum runs over all permutations a G with the property 

a(l) < a(2) < ■■ ■ < (T(n), a{j)<a{j+n), j = l,2,...,n. 

Clearly, quasi-free states are completely characterized by their two point 
functions. Moreover, there is a correspondence between the set of quasi-free 
states and the set 

Q(/C, r) = {5 G 25(/C) \S = S*,0<S<1,S + S = 1}, 

(we have used the notation A = TAT for operators A on /C) given by the 
formula 

uiBifrBig)) = {f,Sg). (2.2) 

So it is convenient to denote the quasi-free state characterized by Eq. ( p.2|) by 
Us- The projections in Q(/C, F) are called basis projections or polarizations. 
For a basis projection P, the state up is pure and is called a Fock state. The 
corresponding GNS representation {Hp,7ip, \ fip)) is irreducible, it is called 
a Fock representation. The space Tip can be canonically identified with the 
antisymmetric Fock space JF_(P/C). 

A projection E G QS(/C) with the property that EE = is called a partial 
basis projection with F-codimension dimker(£' + E). Note that E defines 
a Fock representation {T-Le,t^e, \^e)) of C{{E + E)1C,V). Now let E he a. 
partial basis projection with F-codimension 1, and choose a F-invariant unit 
vector Co G ker(i? + E). Following Araki, pseudo Fock representations t^e,+ 
and T^E - of C(/C, F) are defined in TIe by 

T^E,±{BU)) = ±75 (eo, f)QE{-l) + t^e{B{{E + E)f), / G /C, (2.3) 
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where 1) G 23(/C) is the unitary, self-adjoint implementer of the au- 

tomorphism a„i of C(/C,r) defined by a_i(-B(/)) = —B{f) (which restricts 
also to an automorphism of C{{E + E)K,^T)). Pseudo Fock representations 
TiE,+ and "Ke- are inequivalent and irreducible. Araki proved [|| 

Lemma 2.1 Let E he a partial basis projection with T-codimension 1, and 
let cq E fC he a V -invariant unit vector ofker^E + E). Define S G Q(/C,r) 
hy 

S = \\e^){e,\+E. (2.4) 

Then a GNS representation (HsjTTs, \^s)) of the quasi-free state us is given 
hy the direct sum of two inequivalent, irreducible pseudo Fock representations , 

(Hs, TVs, \ns)) = (He © He, t^e,+ © tt^,-, ^ (l^ij) © I^e))) • (2.5) 

There is an important quasi-equivalence criterion for GNS representations 
of quasi-free states. Quasi-equivalence will be denoted by "~" and unitary 
equivalence by Let us denote by 52(^) the ideal of Hilbert-Schmidt 

operators in Q3(/C) and for A G 23(/C) by [A\2 its Hilbert-Schmidt equivalence 
class [A]2 = A + Z2{^)- Araki proved |l|, § 

Theorem 2.2 For quasi-free states uJs-^ and tu^j of C{IC,T) we have quasi- 

1 /2 1 /2 

equivalence vr^^ ~ vr^j if and only if [S^ ]2 = [5*2 ]2- 

Next we define the set 

T(/C, F) = {1/ G Q3(/C) I V*V = 1, V = V} 

of Bogoliubov operators. Bogoliubov operators V G X(/C, F) induce unital 
*-endomorphisms qv of C(/C,F), defined by their action on the canonical 
generators, 

gv{Bif))=BiVf). 

Moreover, if y G T(/C, F) is surjective (i.e. unitary), then qv is an automor- 
phism. The group of unitary Bogoliubov operators is denoted by U{]C, F). A 
Bogoliubov automorphism qu is called implementable in a Fock representa- 
tion Tip if there exists a unitary Qp{U) G ^{Tip) such that 

TipOQu{x) = Qp{U)Tip{x)Qp{U)\ xgC(/C,F). (2.6) 
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For a given basis projection P, let UpiJC, V) be the set of unitary Bogoliubov 
operators which induce automorphisms being implementable in vrp, 

Up{lC, T) = {U e W(/C, r) I PUP E MIC)}. (2.7) 

Wp(/C,r) is a topological group with respect to the P-norm topology, given 
by the distance ||f/ — + \\P{U — U')P\\2- The P-strong topology is defined 
by the seminorms \\{U-U')f\\ + \\P{U - U')P\\2, / G /C. Consider the (real) 
Lie algebra 

u^(/C, T) = {H e Q3(/C) \ H* = -H, H = H, PHP e Z2{IC)}. (2.8) 
The following is well known (see e.g. 0, 13|) 

Theorem 2.3 (1) Ut is a continuous one-parameter subgroup of L{p{lC,r) 

relative to the P-norm topology if and only if Ut = for some H G 

uM/c,r). 

(2) For H G Up(/C, V) there is a unique skew self-adjoint dQp{H) on Hp 
such that the unitary q^'^QpW implements e*^ , \^lp) is in its domain and 
{Qp\dQ p{H)\Qp) = 0. The map H ^-^ dQp{H) is real linear. 

(3) Any vector in the (finite) linear span of finite particle vectors is ana- 
lytic for —idQp{H) for any H G Up(/C, F) and we have 

[dQp{H^), dQp{H2)] = dQp{[H,, H^]) + cp{H,, H^) 1, (2.9) 

where 

cp{H,, H2) = i tr {PH2PH1P - PH1PH2P). (2.10) 

(4) For H G Up(/C,F), e^'^QpW is strongly continuous with respect to the 
P-strong topology. 

The scalar term ( |2.10 ) which appears here is called the "Schwinger term". 
There is also a generalization to the case that H is unbounded 0. 

Theorem 2.4 (1) Ut is a continuous one-parameter subgroup of lAp{lC,T) 

relative to the P-strong topology if Ut = e*^ for a skew self-adjoint operator 
H such that H = H , PHP skew self-adjoint and the closure of PHP is 
Hilbert- Schmidt class. 

(2) For such an H, there is a unique skew self-adjoint dQp{H) on Tip 
such that the unitary q^'^QpW implements e^^ , |f2p) is in its domain and 
{np\dQp{H)\np) = 0. 

We conclude that Up(/C, F) is just the "bounded part" of the Lie algebra 
corresponding to the group Wp(/C, F). 
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2.1.2 Decomposition of Representations 

We now investigate the decomposition of representations ttp o gy into irre- 
ducible subrepresentations; here vrp is a Fock representation and gy a Bo- 
gohubov endomorphism. The discussion is based on [§,0, compare also 

i- 

A quasi-free state, composed with a Bogoliubov endomorphism is again 
a quasi- free state, namely we have ujs o gy = ujy*sv- In the following we are 
interested in representations of the form up o gy instead of GNS representa- 
tions TTy.py of states u!y*pv = Up o gy . Indeed, the former are multiples of 
the latter, in particular, we have [^, 5^ 



TTp o ~ 2^^7ry.py, Ny = dim{keTV* H PIC) . (2.11) 

Thus the identification of the Hilbert-Schmidt equivalence class [(V^*PV^)^/^]2 
is the identification of the quasi-equivalence class of vrp o ^y. For the identi- 
fication of the unitary equivalence class, we need a decomposition of ttp o 
into irreducible subrepresentations which will now be elaborated. We will see 
that only Fock and pseudo Fock representations appear in the decomposition 
of representations vrp o gy if the Bogoliubov operator has finite corank. 

Theorem 2.5 Let P be a basis projection and let V be a Bogoliubov oper- 
ator with My = dim ker^* < oo. If My is an even integer we have (with 
notations as above) 

TTp o ^y ~ 2*^^/2^p/ (2.12) 
where TCp/ is an (irreducible) Fock representation. If My is odd then we have 



Tip o gy 



2(^^^-^)/2(7rs,+ ©7rs,_) (2.13) 



where tte,+ and tie- are inequivalent (irreducible) pseudo Fock representa- 
tions. 

Proof. We present a brief version of the proofs in here. First recall the 
following well-known fact. If the test function space possesses an orthogonal 
decomposition /C = /Ci © /C2 into F-invariant subspaces then we can regard 
C{)Cj,Tj) with Tj = TliCj, j = 1,2, as subalgebras of C(/C,r), and C(/C,r) 
is canonically isomorphic to the Z2-graded tensor product of C(/Ci,ri) with 
C(/C2, r2) by the identification xi<^X2 with X1X2, Xj G C(/Cj, Tj), j = 1, 2. Let 
Sj e Q(/Cj, Tj), J = 1, 2. If S G Q(/C, F) is of the form S = Si®S2 then uJs is 
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a product state, Us = uJs^ ^^^S2 which means that u!s{xiX2) = ujs^ {xi)ujs2{x2) 
whenever xj G C{ICj,Tj), j = 1,2, In our apphcation. Si = Pi is a 

basis projection, and we assume /C2 to be two-dimensional here. Then choose 
an orthonormal base (ONB) {/+,/_} of IC2 with the property T2f+ = /_. 
One checks easily that 5*2 G Q{K.2, ^2) implies that it is of the form 

52 = ( Y A° ) ' ^ ^± ^ 1' A+ + A_ = 1, 

with respect to the decomposition /C2 = C/+ © C/_. Using the only non- 
trivial evaluation of c^Sj B{fj^)B{fJ) it is obvious that 

UJS2 = y^+^F+ + A_u;i?_ 

with Fock states ujp^ corresponding to basis projections F± = |/±)(/±|. 
Hence, if both A+ and A_ are non-zero, then us is a mixture of two Fock 
states of C(/C, F), 

Us = \+iOp+ + \-UJp_, P± = Pi® F±. 

Since up^ 7^ ujp_ these states are orthogonal, and hence vr^ is the direct sum 
of two equivalent Fock representations. Now let P be a basis projection of 
JC and let V G X(/C, F) be a Bogoliubov operator with My = dimkerl^* = 2. 
Choose an ONB {g+, g_} of keiV* such that Fg+ = g_. Then Pg_) = 0. 
Let A± = {q±,Pq±), hence A+ -|- A_ = 1, and define Q± = Note 
that VV* = 1 - Q+ - g_. Suppose A± ^ 0. Then 

Pi = V*P(1 - \-'Q+ - \Z'Q-)PV 

is a partial basis projection with F-codimension 2. Define one- dimensional 
projections 

F± = \-^\Z^V*PQ^PV, 
P+ = Fl, PiF± = F+F^ = 0, and set 

S2 = A+P+ + A_P_. 

We identify /Ci = ran(Pi + Pi) and /C2 = ran(P+ + F^) and check that 
K. = K.i®K.2- Hence 

S = V*PV = Pi + S2 
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is as discussed above. Because A± 7^ we have q± ^ PK., hence Ny = and 
TTpo Qy ~ 7Tv*pv by Eq. ( |2.11|) . So it follows vrp o ^ 27Cp/ with some Fock 



representation np/. On the other hand, if A_ = (A+ = 0) then G PJC 
(g_ e PJC) and hence Ny = 1. It follows vrp o ~ 27ry.py by Eq. 



But g+ G P/C (g_ G P/C) implies that V*PV is a projection and hence vry.py 
is a Fock representation. We conclude that vrp o ^y ^ 2ttp/ holds generally 
if My = 2. Let now My = 2N, N e N. Then choose a F-invariant ONB 
{vn,n G N} of /C, i.e. f„ = Ft>„, ri G N. Further we choose a F-invariant 
ONB {wn, n= 1,2,..., 2N} of kerV^*, and we define W2N+n = Vvn for n G M. 
Since K, = ranl^©kery* the set {m„, n G N} forms another F-invariant ONB 
of K. and we can write 

00 

= ^ \ w2N+n){Vn\- 
n=l 

We introduce Bogoliubov operators Vq, V2 G X(/C, F), 

00 00 

= ^ \Wn){Vn\, ^2 = ^ |t;„+2) (t^n | , 

?i=l n=l 

such that My^ = j, j = 0, 2, and V = VoV^^ . Since is unitary, Pq = 1^0*^^ 
is again a basis projection, and now we can conclude iteratively 

TXpO Qy = TTpo O ~ 2 TXp, 



with some Fock representation vrp/, and this is Eq. ( p.l2| ). Now assume 



V G X(/C, F) has My = 1. Since kerV"* is F-invariant we have Ny = and 
hence vrp o ^y ~ vry.py by Eq. (|2.11|). Moreover, VV* = 1 — Qo where Qq 



is a one-dimensional F-invariant projection. Note that (go, Pqo) = \ for each 
F-invariant unit vector go- Using QqPQo = ^Qo one finds easily 

S = V*PV = \Eq + E 

where E = 23"^ — 5 is a partial basis projection with F-codimension 1, and 
Eq = 4(5" — S"^) = 4:V*PQqPV is the one-dimensional F-invariant projection 
on the vector V*Pqo, EEq = EEo = 0, thus S = V*PV is of the form 
and hence 

TTp O ^y ~ nE,+ © TlE- 

with pseudo Fock representations vr^; ±. Now let V G X(/C, F) be a Bogoliubov 
operator with My = 2A^+1, N eN. Recall our F-invariant ONB n G N} 
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of /C and choose a r-invariant ONB n = 0, 1, ... , 2A^} of kerV^*. We define 
W2N+n = foT 72 G N. Then {wn,n G No} is an ONB of /C, too, and we 
can write 

oo 

V = ^ l^2JV+")(^"|- 
n=l 

We introduce Bogohubov operators Vi, V2 G X(/C, F), 

00 00 



?i=l n=0 



such that My^. = j , j = 1,2, and V = V^'Vi. It follows that 

TTp O ~ 2^7rp/ O 

with TTpi some Fock representation. Since My^ = 1 we conclude 

TTp O ^y ~ 2^(7riJ,+ © TIE-) 

with pseudo Fock representations vr^;^^, and this is Eq. ( p.l3|) . □ 

We define the even algebra C(/C, F)+ to be the subalgebra of a_i-fixpoints, 

C(/C,F)+ = {xe C(/C,F) I = x}. 

We now are interested in what happens when our representations of C(/C, F) 
are restricted to the even algebra. For basis projections Pi,P2, with [Pi]2 = 
[P2]2, Araki and D.E. Evans defined an index, taking values ±1, 

ind(Pi,P2) = (-l)''"'^''^'''^^'-''^)''^ 

The automorphism a_i leaves any quasi-free state us invariant. Hence a_i is 
implemented in tts- In particular, in a Fock representation up, extends to 
an automorphism a_i of 7rp(C(/C, F))" = 5S(?ip). The following proposition 
is taken from 0. 

Proposition 2.6 Let P he a basis projection and let U G hlp{lC,T). Denote 
by Qp{U) G Q3(7-^p) the unitary which implements qu in np. Then 

a-i{Qp{U)) = a{U)Qp{U), a{U) = ±1. (2.14) 

In particular, (t{U) = md{P,U*PU). Moreover, given two unitary operators 
Ui,U2 G Wp(/C,F) of this type, a is multiplicative, a{UiU2) = (T{Ui)a{U2) ■ 



31 



Furthermore, one has |^ 

Theorem 2.7 Restricted to the even algebraC{}C, r)+, a Fock representation 
Tip splits into two mutually inequivalent, irreducible subrepresentations , 

7i"p|c(^,r)+ = vr+ © vTp, (2.15) 

and the commutant is generated by Qp{—1). Given two basis projections 
Pi, P2, then Tfp^ ~ VTp^ if and only if [Pi]2 = [P2]2 md ind(Pi, P2) = +1, and 
TTp^ ~ TT^^ if and only if [Pi]2 = [P2]2 and ind(Pi, P2) = -1. 

For some real f G /C, i.e. Tv = v, and ||t>|| = 1 define U G U{]C, F) by 

U = 2\v){v\-l. (2.16) 

Then is implemented in each Fock representation vrp by the unitary self- 
adjoint Qp{U) = y/27ip{B{v)), since gu is implemented in C(/C, F) by q{U) = 
V2B{v), 

q{U)B{f)q{U) = 2B{v)B{f)B{v) 

= 2{B{v),B{f)}B{v) -2B{f)B{v)B{v) 
= 2{v,f)B{v)-B{f) 
= B{2{v,f)v-f) 
= B{Uf). 

Hence (t{U) = — 1 and we immediately have the following 

Corollary 2.8 Let U G X(/C, F) be as in Eq. ^2.1(\ ). Then, in restriction to 
C(/C, F)+, we have for each Fock representation np equivalence vTp o ~ vTp. 



Now let us consider the restrictions of pseudo Fock representations. 



Lemma 2.9 The pseudo Fock representations tte,+ and tie- of Eq. ( ^.Sj ), 
when restricted to the even algebra C(/C,F)+, remain irreducible and become 
equivalent. 

Proof. Without loss of generality, we prove that 7rE,+, when restricted to 
C(/C,F)"'", remains irreducible. Let T G 7iE,+ {C{}C,T)~^y . Then, in particular. 
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T e 7TEiC{{E + E)}C,r)+y, hence T = Xl + fiQE{-l), A,/i G C. Now choose 
a non-zero / G {E + E)1C. Then 

TTEAB{e,)B{f)) = -l=Q^(-l)vr^(i?(/)), 

so we compute 

[T,iXEAB{e,)B{f))] = V2fi7rEiBif)). 

This imphes /i = 0, T = Al, proving irreducibihty. It remains to be shown 
that 7r^.+ and tte,-, when restricted to C(A^,r)+, become equivalent. Now 
choose arbitrary /, (7 G /C. It is not hard to check that 

7iEABif)Big)) = QEi-l)7rE,-{Bif)B{g))QE{-l). 

Since C(/C, r)+ is generated by such elements B{f)B{g) the unitary Qe{—1) 
reahzes the equivalence of the restrictions of 7!'e,±- ^ 

Summarizing we obtain 

Theorem 2.10 With notations of Theorem a representation vrp o gy 
restricts as follows to the even algebra C(/C,r)+.- If My is even we have 

vrp o gv\ciic,T)+ ^ 2''^/\7i+ © vTp,) (2.17) 

with TTp, and Tip, mutually inequivalent and irreducible. If My is odd, then 

Tip O 0y\c(,C,r)+ ^ 2^^'^'-'^^' (2.18) 

with IT irreducible. 
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2.2 On 50{N) and fo{N) 



We now turn to the mathematics of Lie algebras. In view of apphcations in 
the following chapters we introduce some notation and present some technical 
details of the simple Lie algebra 5o{N) and the associated affine Lie algebra 
sb{N) because we believe that it might be somewhat laborious for the reader 



to collect these facts from the literature (e.g. [0, 



2.2.1 The Simple Lie Algebra 5o{N) 

Let E^'^ be the {N x A^)-matrix with entries {E^'^)k,i = 5i^k5j,i- Define 

for i,j = 1,2, ... ,N. Elements T*'-', 1 < i < j < N, provide a basis of so{N), 
and we have 

Let ^ = 3, 4, . . . denote the rank of so{N), i.e. = 2£ and iV = 2£ + 1 for 
even and odd A^, respectively. Define 

for i,i = 1, 2, ... , i and e,ri = ±1 and 

for j = 1,2, ... ,i and e = ±1. Further define 



W =T2J-i'2i for j = 1,2,...,£, 
Si = ±tg+^ forj = l,2,...,£-l 



and 



±4"±'^ forAr = 2£, 



±ti for N = 2i + l. 
These matrices obey the commutation relations 

[H\H''] = 0, 



[Ei,E'_]=6,,kH^ 
34 



for j, k — 1,2, ... , £, with 
for k^l,2,...,e-l and 



f^Wy _ / + for N^2i, 
^ ' \ Sj^e for N^2e- 



for = 2£ + 1 . 

Moreover, they also obey the Serre relations of so{N). Hence they constitute 
a Cartan-Weyl basis of so(iV), and the a^''^ are the simple roots of so(A^). The 
elements corresponding to positive roots are and f^_^ with 1 < i < j < i, 
additionally ti_, j — 1,2,... , I, if N — 2£ + 1; the one corresponding to the 

1 2 

highest root 6 is Eg = 

Also note that the invariant bilinear form on so{N) is 

^r^,^Tk,i^ = 1 (r.^T^s') = s,,kSj,i - S,,i6,,k . (2.19) 

In particular, we have 

= S,, = {E!,\EL) , {E!,\Ei)=0. 



The fundamental weights A(j), j — 1,2, ... , I, of so (A'") are defined by 
and its components (in the orthogonal base) are 



14,, for j^l, N^2l+1, 
Sk,j else. 



A(,) = (M^_^,0,0,...,0) 

j times 

for j = 1, 2, 2 and also for j = ^ - 1 if AT = 2£ + 1, as well as 

A(,_i) = i (1,1,..., 1,1,-1) 

for N = 2e, and 

A(,) = i(l,l,..., 1,1,1). 
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2.2.2 The Affine Lie Algebra io(iV) 



The infinite-dimensional Lie algebra sb{N) is, by definition, the algebra gen- 
erated by elements , i,j = 1, 2, ... , and a central element K satisfying 
relations 

[Jj^ , Jn ] — Jm+n~^^i,l Jm+n'~^j,l Jm+n~^i,k Jm+n) ^m,-niT '^T-^' )K, 

(2.20) 

and [J^ , K] = 0. The elements , I < i < j < N, and K provide a basis 
of 5b{N) as a vector space. Introducing one further element D ("derivation") 
obeying 

[D,Ji;^]=mJi^, [D,K] = 0, 

one obtains the full affine Lie algebra D^'^ ii N = 2i respectively B^^^ if 
N = 2i + 1. Note that via identification J^iT^'^) = .P^ and defining Jm(T) 
linear in T G so(A^), m G Z, the relations ( |2.2CI| ) can also be written as 
follows, 

[JmiT),JniT')] = Jm+ni[T,T'])+m6m,-niT\T')K, 

and [Jm(T), K] = 0. Also the affine Lie algebra so(A^) possesses a Chevalley 
basis; the Cartan subalgebra generators are 

for j = 1,2, ... ,i, and the Chevalley generators are given by 
Si = ±Jo(t^^) forj = l,2,...,£-l, 

and 

^ r ±M&) iorN = 2i, 
^ \ ±Jo(4) ioT N = 2i+1, 

further 

£i = ±J^,it'^%) . 

for i,j = 1, 2, ... , i and e,rj = ±L 

The unitary integrable highest weight modules of sb{N) at level 1 are 
listed in table There A denotes the highest weight with respect to the 
horizontal subalgebra so{N), A the conformal weight, and T) the quantum 
dimension. In the first column we provide a "name" for the associated pri- 
mary field of the relevant WZW theory; in the following chapters we will use 
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these names as labels for the irreducible highest weight modules, i.e. write 
T^A = Tio for A = etc., and analogously for other quantities such as char- 
acters. (We find it convenient to use identical names for some of the fields at 
level one and at level two; when required to avoid ambiguities in the notation, 
we will always also specify the level.) 



Table 2.1: Unitary highest weight 
(left) and for N = 2i + 1 (right). 



field 


A 


A 


V 


o 








1 


V 


A(i) 


1 

2 


1 


s 
c 


A(£_l) 

A(,) 


N 
16 
N 
16 


1 
1 



■dules of sb{N) at level 1 for = 2i 



field 


A 


A 


V 


o 

V 




A(i) 




1 
2 


1 
1 


a 


A(,) 


N 
16 


V2 



In the tables we have separated the modules by a horizontal line into two 
classes. In the fermionic description, the modules in the first part are in 
the Neveu-Schwarz sector, while those in the second part are in the Ramond 
sector. 

Let us now turn to the fusion rules of the WZW model based on sb{N)i. 
Since the basic module (o) always represents the unit of the fusion ring it is 
denoted by 1 in this context. 

If N = 2i the fusion rulesQ read 

vxv=l, vxs = c, 

1 for£G2Z, 



S X S = C X c 



S X c 



V for£G2Z + l, (2.21) 

V for£e2Z, 
1 for£G2Z + l. 



All sectors are simple i.e. have unit quantum dimension. 



^The fusion rules which are not hsted expUcitly all follow from the commutativity and 
the associativity of the fusion product and from the fact that 1 is the unit of the fusion 
ring. 
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If N = 2i + 1 the fusion rules read 

vxv = l, a X V = a, a x a = 1 + y. (2.22) 

Only the a sector is not simple; indeed we have = \pi. 

We are going to describe the situation at level 2 now. \i N = 21 {N = 
2i+l) we have i+7 (^+4) integrable highest weight modules which are listed 
in the following tables \2.2[ |2.3| . Again we have separated the modules by a 
horizontal line into two classes. In the fermionic description, the modules 
in the first part appear in the "doubled" Neveu-Schwarz sector T^ns ® Hns 
while those in the second part involve the Ramond sector. 

Table 2.2: Unitary highest weight modules of sb{N) at level 2 for = 2i. 



field 


A 


A 


V 


o 












1 


V 




2A(i) 




1 


1 


s 




2A(£_i) 




N 
8 


1 


c 




2A(,) 




N 
8 


1 






for J = 1,2,...,^ 






2 






1) + A(£) for j = 


i-1 


2N 




a 

T 

a' 
t' 


A(^-i) 

A(i) + A(^_i) 
A(i)+A(,) 


N-l 

16 
N~l 

16 
N+7 

16 
N+7 

16 


Vi 
Vi 
VI 



Omitting the twisted sectors a, cr', (r, r') all other sectors generate a fusion 
subring T^j^g of the full fusion ring 7?.^2w ^'^^ WZW model based on 
so(A^)2. The fusion rules of this fusion subring are the following: For N = 21 



38 



Table 2.3: Unitary highest weight modules of so(iV) at level 2 for = 2£+l. 



field 


A 


A 


V 


o 
V 




2A(i) 

r A(,) forj = l,2,...,£-l, 
\ 2A(,) for J = i 




1 

j(^-j) 

2N 


1 
1 

2 


a 
a' 


A(£_i) 
+ A(£_i) 


iV-1 
16 

16 





we have 

vxv = l, vxs = c, 



S X S = C X c 



1 for£e2Z, 
V for£e2Z + l, 



V for^e2Z, (2.23) 
1 for£e2Z + l, 



S X c 



V X = 0y] , S X = C X = , 

Here it is to be understood that whenever on the right hand side a label j 
appears which is larger than it must be interpreted as the number 

and when the label equals zero or £, one has to identify as the sum 

0[O] = 1 + V , = s + c . 

For N — the fusion rules read 

V X V = 1 , V X = 



(2.24) 

This time it is understood that when j is larger than £, it stands for the 
number f = N — and again that 0[o] = 1 + v. 
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Chapter 3 

5o{N) Wess-Zumino-Witten 
Models at Level 1 



In this chapter we give a formulation of the level 1 so{N) WZW models. 
We discuss the realization of sb{N) xi 5Jir in the Neveu-Schwarz and in the 
Ramond sector. Employing the fact that the representation theory of the 
even fermion algebra reproduces the sectors of the chiral algebra, we can 
introduce a net of local C*-algebras in terms of even CAR algebras and define 
endomorphisms that generate the WZW sectors. We extend their action to a 
net of local von Neumann algebras, and then we can prove the WZW fusion 
rules in terms of the DHR sector product. 

This analysis is based on [0 and is a generalization of the program carried 
out for the Ising model As [^] was motivated from the earlier work |^ 



of Mack and Schomerus, is motivated from the ideas of Fuchs, Ganchev 
and Vecsernyes l27 . 



3.1 Realization of io(A^) x 5Jir 

We begin our analysis with the fermionic realization of the level 1 modules 
coming from second quantization in the Neveu-Schwarz and the Ramond 
sector. 
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3.1.1 Representation in K 

Prom now on, let /C = L'^{S^;C^) = L^S^) C^. We define a (Fourier) 
orthonormal base 

{e;, reZ+i, i = l,2,...,iv} 

by the definition 



r 

'2/01 



el = Cr® 



wliere G L {S ) are defined by er{z) = z'\ z = e"^, — tt < < tt, and 
denote the canonical unit vectors of C^. Further we denote by F the 
canonical complex conjugation in L'^{S^;C^) so that Fe* = e!_^. We then 
define the Neveu-Schwarz operator Pns £ T) to be the basis projection 

N 

1=1 rGNo+1/2 

For i,j — 1, 2, ... , A?" and m e Z, we define the following operators in Q5(X^), 

/^m ^ ^ l^r+m)(^r|- 

r€Z+l/2 

One checks by direct computation 
Defining 

(the act as multiphcation operators z™' (^T*'-' on L^(5'^) ® C^) we obtain 
a realization of sb{N) at level zero, 

Note that skew self-adjoint combinations 

^ 'O ' 'm,+ — ^ \'m ^ ' -m)-i ' m - ~ ' m ' -mi '"' — ^i^i ■ ■ ■ 

are elements of Upj^g(/C, F). Similarly, we define on K, operators Xm, m e Z, 
which act as — -2^"* (-^^^ + y) in each component. 



1=1 reZ+l/2 
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Hence 

[Am, A„] = (m - n)Xm+n, 

i.e. we obtain a realization of 23ir with zero central charge (Witt algebra). 
Note that skew self-adjoint combinations 

i Ao, Am,+ = i (Am + A_m), Am,- = Am — A_m, m = 1, 2, . . . 



are as in Theorem 2.4. Since also 



r \ _ id 

[^mj 'n i ~ "' 'm+n 

holds we have together a realization of sb(A^)o x 23iro- 

3.1.2 Realization of 5o{N) x 5Jir in the Neveu-Schwarz 
Sector 

We now go on in defining a realization of so(A^)i by the procedure of second 
quantization. Let us denote by (HnsjTTns, I^ns)) the GNS representation of 
the quasi- free state cup^g, and then we define Fourier modes acting on T^ns, 

6t = 7rNs(5(et)), rGZ+i, i = l,2,...,N. 

Hence we have {bD* = and anticommutation relations 

and Fourier modes with positive grade act as annihilation operators in TYns, 

6; I^Ns) = 0, r > 0. 

Finite energy vectors 

■ ■ ■ 6%,6^Jl^Ns), n e No + ^ , = 1, 2, ... , iV (3.1) 

are total in Ti^s i-e- finite linear combinations produce a dense subspace '^^NS■ 
Denoting normal ordering by colons, 

ui ui ) KK r <0 ^ ^ , 1 

«^ =< r>0 ' ^'^^^+2' 
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we introduce unbounded operators on T^ns 

T-ez+1/2 

Note that these infinite series terminate on finite energy vectors i.e. 
Ti^g is an invariant dense domain of these expressions. For T e so{N) define 
current operators Jm{T) by 

AT 

In particular, J^^ = Jm{T^'-^), 

Then one checks by direct computation 

or equivalently 

[J^^7^Ns(S(/))] = 7rNs(S(r^V))• 

Moreover, 

(3.2) 

i.e. we have a reahzation of sb{N) at level 1. It is also straightforward to 
check that the scalar term on the r.h.s. of Eq. (|3.2|) is indeed the Schwinger 
term (|2lO| ), 

and hence we identify 

i Jo'^ = dgp^s(iro'^), 

and 

iiJi^ + jHn} = dQp,,{Ti;^^^, J!:i„ = dQp,3(7^_), m = l,2,... 

Further, we define unbounded operators L^, m G Z, on K^s 



N 



i=l ■reZ+1/2 



: 
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Note that also these series terminate on finite energy vectors. One checks by 
direct computation 

[L^,6;] = -(r + f )6;+„ 
or, for / in the domain of A^, 

Moreover, 

[Lm, Ln] = (m - n)Lm+n + m{m^ - 1) 5m -n § , (3.3) 

and 

[Lm-i Jn''] = —n Jm+m (3-4) 

i.e. together we have a reahzation of Sb{N)i xi 93itjv/2- Indeed, we identify 

\Lq = d(5/^g(i Ao), 

and 

i (-f'm + -f'-m) = d(5j^g(A^__l_), Lm — — '^QPtisi^rn-)^ 171 — 1,2,... 



3.1.3 Characters 

It is known that decomposes as a so{N) module into the basic module 
Ho and the vector module Hv with highest weight vectors |Jlo) = I^^ns) 
and = 2~^l'^{b\^i^ + 16^-^^2)1 ^ns), respectively. By Z2-invariance of the 
current operators this is precisely the decomposition into the even and the 
odd Fock space, respectively. The corresponding projections Po = -P+ and 
Py = P- can be written as 

P±=|(1±Q^3(-1)). 

It is instructive to compute the Virasoro specialized characters of the irre- 
ducible modules. We introduce Euler's product function, 

oo 

= 11(1 (3.5) 

n=l 
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Thus for the characteiQ Xo^''(?) = ti' Wns(-^o9'^°) '^^ basic module we obtain 



n=0 



ra=0 



+ 



while for the character Xv^''(Q') = t^'HNsl-^v?'^") of the vector module we get 



n=0 n=0 



n+l/2-jAf 



2(^(g)r 2(^(g))A^- 
3.1.4 Mobius Covariance 

Let us give some brief remarks on Mobius covariance of the vacuum sector. 
Although this is always treated as standard knowledge we have not found a 
complete proof of Mobius covariance in the literature; therefore we present 
our own calculations here. The Mobius symmetry on the circle is given 
by the group PSU{1, 1) = SU{1, 1)/Z2 where 



SU{l^) = {g=[ ^ ^ ] eGL{2-C) 



\a?- 



Its action on the circle is 



9Z 



az — P 



z e S\ 



—(3z + a 

Consider the one-parameter-group of rotations ao(t), 



ao(t) 



e'*/2 i ' 



t e 



^For simplicity, we use the argument q = exp(27riT), \q\ < 1, directly instead of the 
upper complex half plane variable r. We define the characters simply as the trace of g^" 
here, i.e. we also neglect the additional term — c/24 in (1^). 
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Any element g G 5*^(1,1) can be decomposed into a rotation ao(^) and a 
transformation g' = aQ{—t)g leaving the point z = —1 invariant, 

9 = <^o{t)g, g = ^^ -j, ^7^ = 1. 

Since ao(t + 27r) = — ao(^) we can determine t, —2tt < t < 27t uniquely by the 
additional requirement Iie{a') > 0. Then a representation U of SU (1, 1) in 
our Hilbert space /C of test functions / = (/*)i=i,2,... ,Af is defined component- 
wise by 

iU{g)fnz)=eig;z){a + Pzr'^'i^ + P^)-'^'r (^^) , (3-6) 

where for z = e"^, — tt < < tt, 

^Is-; ^) = - sign(t - vr - 0) sign(t + tt - 0), 

and sign(a;) = 1 if x > 0, sign(x) = — 1 if x < 0. We observe that e{g; z) is 
discontinuous at 2; = — 1 and z = g{—l) = —(a + P){a + P)'^. Up to this 
^-factor, Eq. ( p.6|) is a well-known definition of a representation of SU (1, 1). 
So it remains to be checked that 

^{gi, z)e{g2] gi^z) = e{gig2] z). 

Since both sides have their discontinuities at 2; = — 1 and z = gig2{ — l) they 
can differ only by a global sign. But this possibility is easily excluded by 
an argument of L^-continuity in g. We want to show that U is also unitary. 
Since the action of U{g) is the same in each component we need only consider 
the case = 1. Hence we have to estabhsh {U{g)er, U{g)es) = 5r,s for 
r, s e Z + ^ , 

{U{g)er,U{g)es) = I ^{a + pz)-\a + Pz)'' ^ 



1 2mz \(3z + a 

— (( dz {az + py-'-\(3z + ay-'-^ 
2vri J SI 

s > r 



(r— s)! dz*" 



:{f3z + ay'-'-^\ __j s <r 
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by Cauchy's integral formula, respecting that |ap > since = 1. 

Since the pref actor on the right-hand side in Eq. (p.6|) is real we observe 
[U{g),T] = and hence each U{g), g e SU{1,1) induces a Bogoliubov au- 
tomorphism ag = Qu(g) of C(/C,r). Hence SU {1,1) is represented by auto- 
morphisms of C(/C, r), and this restricts to a representation of PSU (1, 1) by 
automorphisms of C(/C,r)+. In order to establish Mobius invariance of the 
vacuum state and hence covariance of the vacuum sector we show that 

[PNS,t/(^7)] = 0, g&SU {1,1), 

i.e. that U{g) respects the polarization of /C induced by Pns- Again we need 
only consider the case = 1. It is sufficient to show that 

(e_„ U{g)es) =0, r, s G Nq + ^ , ge SU{1, 1). 

The functions er{z), r G ^ + | are smooth on except at their cut at 
z = —1. The prefactor e{g; z) in Eq. (|3^) achieves that {U{g)er){z) remains 
a smooth function except at 2; = — 1, i.e. that the cut is not transported to 
g{—l). Hence we have 

{U{g)er) {z) = ±{a + + f3z)-'/' (^^) , 

where all the half-odd integer powers are to be taken in the same branch 
with cut at z = —1. So we can compute as follows: 



{e-r,U{g)es) = ± 



/ ^z^{az + P)-'/^z'^^{a + Pz)~^/^(^±l) 
Jgi 2niz \pz + a J 

/ dz z'-^/^{az + ^)'-^/\a + [3z)-'-^/^ = 0, 



s 



'2m _ 

again by Cauchy's formula, respecting jap > and that r,s are positive 
half-odd integers here. 

Consider further one-parameter-subgroups 

, s _ f cosht i sinht \ _ f cosht sinht 

^ V sinht cosht y ' ^ y — sinht cosht 

t G M. It is not hard to check that Oq and a± correspond to infinitesimal 
generators IAq and Ai^-t, respectively. More precisely, 

U{ao{t)) = exp(itAo), U{a±{t)) = exp(tAi,±) 

by Stone's Theorem. 
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3.1.5 Realization of $b{N) x QJir in the Ramond Sector 

We define another (Fourier) orthonormal base 

{el neZ, z=l,2,...,iV} 

by the definition 

= e„ ® u' 

where also e L'^{S^) are defined by en{z) — 2;". Now we define the Ramond 
operator 5'r G Q(/C, F) by 

N / 

^R = EUi4)(4i+Ei^-n)(e-. 

i=l \ neN 

and denote by (TYr, ttr, I^^r)) the GNS representation of the associated quasi- 
free state a;5j^. Further introduce Fourier modes acting on Hr, 

bi = 7rn{B{el^)), n e Z, i = 1, 2, ... , TV. 
Hence we have (6^)* = and anticommutation relations 

also 

bi, \nn) = 0, n > 0. 

Finite energy vectors 

6L-^---6!!„/i„JJlR), n.eNo, = 1, 2, ... , TV (3.7) 

are total in Hr i.e. finite linear combinations produce a dense subspace TYr^ 
Similar to the situation in H^s we denote normal ordering by colons, 

and introduce unbounded operators on TYr (by some abuse of notation we 
employ the same symbols as in the Neveu-Schwarz sector), 



m 2 / J •^rv-'m—n- ■ 
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Analogous to the situation in the Neveu-Schwarz sector, TC^ is an invariant 
dense domain of these expressions. For T G so{N) define current operators 
Jm{T) by 



N 



In particular, J^^ = Jm{T^'-'), 

We also find by direct computation 

Note that in TYr the action of comes also from an action r^^ in /C via 
[J4^ MBif))] = MB{r'Jf))- We have = i {Pl^ - 13^), and one easily 
verifies that the J"!^ implement indeed the same action as those in the Neveu- 
Schwarz sector, i.e. 

f^m ~ ^ ] l^n+m)(^nl ~ ^ ^ l^r+m)(^rl ' 
neZ rGZ+1/2 

Also ( |3.2|) holds in the Ramond sector, but it is not a direct consequence of 
Theorem ^]3| since the Ramond state us-p^ is not pure i.e. not a Fock state. 
However, there is also a generalization to second quantization in non-Fock 
states; the Schwinger term ( |2.1(j| ) is just slightly modified in this case, see e.g. 



22| . We also define unbounded operators L^, m G Z, on Ti-^ (with invariant 



dense domain Ti^) 

N 

j=l neZ 

Then one checks by direct computation 



and also ( ^.31 ) and ( |3.4D hold in the Ramond sector. Note that the Lm in TYr 
come also from an action in K, which is — (2;^ + in each component, 
however, these differential operators respect periodic boundary conditions 
here in contrast to antiperiodic boundary conditions in the Neveu-Schwarz 
case. 
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3.1.6 Comparison to the Sectors of the Even CAR Al- 
gebra 

As a sb{N) module TYns decomposes into the basic (o) and the vector (v) 
module. It is also known that TYr decomposes into the direct sum of 2^ 
spinor (s) and 2^ conjugate spinor (c) modules if N = 2i and into 2^"*"^ spinor 
modules (a) if N = 2i + l. Using our previous results of CAR theory, we can 
easily verify that exactly the same happens if we restrict the representations 
■^NS (ti'r) of C(/C, r) in TYns ('^r) to the even subalgebra C(/C, r)+: Since Pns 
is a basis projection we have by Theorem 



7rNs|c{/c,r)+ = tTns ® %s- (3-8) 

Now TT^g acts in the even Fock space ||^ which corresponds to the basic 
module. Thus we may use the same symbols which label the sectors, ttq = vrjg 
(ttq being the basic, i.e. vacuum representation) and = n^g. Consider the 
Bogoliubov operator V1/2 G X(/C,r), 

N / 00 ^ 

^1/2 = E + E (l<+i/2)(4l + |e^.i/2)(eM) 

1=1 \ n=l / 

where e!,_ = 2~^/^(e^^2 + ^-1/2)- ^'^^ hard to see that S'r = V]^/2-Pns^i/2, 
that Mv,^^ = N and that Ny,^^ = 0. We find ttr ~ ttns o ^1^1/2 by Eq. ( p.ll|) , 



and hence by Theorem 2.10 



I , 2^(7r+©7rp,) N = 2i 



for a basis projection P', [P']2 = [>S'^''^]2- Thus we use notations it, 
TTc = Hp, and TTo- = TT. (Recall that tt is one of the equivalent restrictions of 
the pseudo Fock representations 'n'E,±-) We have seen that the CAR represen- 
tations ttns and ttr, when restricted to the even algebra, reproduce precisely 
the sectors of the chiral algebra. This is not quite a surprise because the 
Kac-Moody and Virasoro generators are made of fermion bilinears. Here we 
see that they indeed act irreducibly in the (dense subspaces of the) sectors of 
even CAR. This is the reason why we are allowed to identify the elements of 
the even CAR algebras as the bounded operators representing the observables 
of the WZW model, and also that we identify the sectors of the even CAR 
algebra to be the WZW sectors. Note that the Bogoliubov endomorphism 
QVi ,0 induces a transition from the vacuum sector to spinor sectors. 

1/2 



TT 



P'l 
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3.2 Treatment in the Algebraic Framework 



Our incorporation of the level 1 so{N) WZW models in the framework of 
AQFT is based on the fact that (local) even CAR algebras can be identified 
as (local) observable algebras. We proceed as follows: We introduce a system 
of local even CAR algebras on the circle. Then we can define localized 
endomorphisms in terms of Bogoliubov transformations. Later we extend 
representations and endomorphisms to a net of von Neumann algebras on 
the punctured circle, and this will be the foundation for the proof of the 
fusion rules using the DHR sector product. 



3.2.1 Localized Endomorphisms 

We introduce at first a local structure on S^, i.e. we define local algebras of 
observables. Let us denote by J' the set of open, non-void proper subintervals 
of S\ For I e J set /C(/) = L'^{I; C^) and define local C*-algebras 

c:(/)=c(/c(/),r)+ 

so that we have inclusions 

€(Ji) C C(/o), h C Jo, 

inherited by the natural embedding of the L^-spaces; and also we have local- 
ity, 

[c:(/i),(j:(/2)] = {0}, /in/2 = 0. 

Our construction of localized endomorphisms happens on the punctured cir- 
cle. Consider the interval /( G which is by removing one "point at 
infinity" C e S\ k = \ {Q. Clearly, (£(/<;) = C(/C,r)+. Further denote 
by J7( the set of "finite" intervals I & J such that their closure is contained 
in 

Jc = {lej\l(i Jc). 

An endomorphism q of ^{Iq) is called localized in some interval / G if it 
satisfies 

q{A) = A, Ag€(/i), /iGj-o /in/ = 0. 
The construction of localized endomorphisms by means of Bogoliubov trans- 



formations leads to the concept of pseudo-localized isometries |41|. For 
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i ^ Jc, denote by /+ and /_ the two connected components of /' fl (/' 
always denotes the interior of the complement of J in S"^, J' = \ (9/^). A 
Bogoliubov operator V G X(/C, F) is called even (resp. odd) pseudo-localized 

in / G Jc if 

Vf = e±f, /G/C(/±), e±G{-l,l}, 

and 6+ = e_ (resp. e+ = — e_). Then, as obvious, gy is localized in / 
in restriction to Now we are ready to define our localized vector 

endomorphism. 

Definition 3.1 For some I E Jc^ choose a real v G IC{I), Tv = v and 
\\v\\ = 1. Define the unitary self-adjoint Bogoliubov operator U G X(/C, F) by 

U = 2\v){v\-l, (3.10) 

and the localized vector endomorphism (automorphism) by Qv = Qu- 



Since U is even pseudo-localized, and by Corollary is indeed a localized 

vector endomorphism, i.e. ttqo ~ tt^. Further, by = 1 we have ttoo^^ ~ 
ttq. It follows also from Corollary |2.8| that tTs o gv — tTq- The construction of 
a localized spinor endomorphism is a little bit more costly. Without loss of 
generality, we choose ( = —1 and the localization region to be I2, 

/2 = {^ = e^'^GSi I -f <0<f } 

such that the connected components I± of fl are given by 

/_ = {z = e''*' e \ -n < (/)< } , 
1+ = {z = e^'^G5^ I I <(/)<7r}. 

Our Hilbert space /C = /C(/(j) decomposes into a direct sum, 

/C = /C(/_)©/C(/2)©/C(/+). 

By P/^, Pi_ we denote the projections onto the subspaces /C(/+), IC{I-), 
respectively. Define functions on by 

... / V2z^p zeh ^1^ 
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and 

fi^U®u\ pe|z, i = l,2,...,Ar, 

such that we obtain two ONB of the subspace /C(/2) C /C, 

{/;,reZ + i,z = l,2,...,iV}, {/;,neZ,^ = l,2,...,iV}. 
Now define the odd pseudo-locahzed Bogohubov operator V e X(/C, F), 

j<iV j<JV 
j odd J even 

^ l/l/2)(/o l ~ l/-l/2)(/o l' 

oo 

- E(l/n+l/2)(/n|-|/Vl/2)(/^nl), 
n=l 

= l/iL/2 )(/ol + l/-l/2)(/ol' 

oo 

^ ( l/n-l/2)(/wl ~ \f-n+l/2){f-n\]- 

n=l 

Note that V is unitary if A?" = 2£. More precisely, we have 

r N^2t 

Furthermore, we claim 

Lemma 3.2 With notations as above, 

[{V*P^sVY% = [4/^]2, (3.11) 
[{V*V*P^sVVf'\ = [Pns]2. (3.12) 



Proof. Let us first point out that that we do not have to take care about the 
positive square roots because for any basis projection P and any Bogoliubov 
operator W e 2r(/C, F) with Mw < oo we have 

[{W*PWf% = [W*PW]2 
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since 



\\{W*PWf''^-W*PW\\l < \\W*PW - {w*pwy\\i 

= \\W*P{l-WW*)PW\\i 
< llH^f ||Pf 111 = Mh/. 

We used the trace norm and Hilbert Schmidt norm ||A||„ = (tr(yl*yl)"/^)^/", 



n = 1,2, respectively, and also an estimate E5 



11^1/2 _^i/2||2 ^ A,5eQ3(/C), A,B>0. (3.13) 

It was proven in Lemma 3.10, that 

V*P^sV - ^R, VP^sV* - 5r, V'*Pns^' - ^R, yP^^y* - Sn 

are Hilbert Schmidt operators for the case = 1, where in our notation 

V = Pi_- Pi^ + ir' + iR\ V = Pj_ - Pj^ + i(T'y. 

For arbitrary N, operators V^*Pns^ ~ •S'r and VP^^sV* — S'r are just di- 
rect sums of the above Hilbert Schmidt operators (up to finite dimensional 
operators), hence we conclude for arbitrary 

V*P^sV - 5r G Ul^), VP^sV* -Sne Ul^). 

But both relations together imply that Pns — V*V*P^sW is also Hilbert 
Schmidt, and this proves the lemma. □ 

Hence we conclude ttns ° Qv ^ ^r- For N = 2i the basis projection 
P' = V*P^sy is as in Eq. (plQ)). For N = 2i+l the representation vtns ° Qv, 
when restricted to C(/C,r)+, decomposes into two equivalent irreducibles. 
With our above definitions and using Corollary |2.8|, this suggests the following 



Definition 3.3 Choose U G X(/C,r) forv G /C(/2) o,s in Definition 371. For 



N = 2i define the localized spinor endomorphism Qs by Qs = Qv and the 
localized conjugate spinor endomorphism Qc by Qc = QuQv- For N = 21 + 1 
define the localized spinor endomorphism by Qa = Qv- 
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Note that this definition fixes the choice, if is even, which of the two 
inequivalent spinor sectors is called s and which c. This might seem to be 
somewhat inconsistent because for the highest weight modules there is no 
ambiguity within TYr, for instance, 11^=1(1 ~ 2 i 6q-'6o"'~^) I^r) is a highest 
weight vector of weight Ag. However, for the sectors of even CAR we take 
the freedom to rename the sectors i.e. which of the spinor sectors is called s 
and which c. There is no problem with the proof of the fusion rules later on 
since they are invariant under simultaneous exchange of s and c. Indeed, our 
considerations have shown 

Theorem 3.4 The localized endomorphisms of Definitions \3. 1\ and j[ sat- 
isfy TTo O ^5 ~ TTg, ^ = V, s, c, a. 

3.2.2 Extension to Local von Neumann Algebras 

We have obtained the relevant localized endomorphisms which generate the 
sectors v, s, c, a. It is our next aim to derive fusion rules in terms of DHR 
sectors i.e. of unitary equivalence classes [ttq o g] for localized endomorphisms 
g. For such a formulation one needs local intertwiners in the observable 
algebra. So we have to keep close to the DHR framework, in particular, we 
should use local von Neumann algebras instead of local C*-algebras 
We define 

7^(J)=7^o(C(/))", IE J. 

By Mobius covariance of the vacuum state, this defines a so-called covariant 
precosheaf on the circle ^ . In particular, we have Haag duality, 

n{iy = n{i'). (3.14) 

Since the set J' is not directed by inclusion we cannot define a global algebra 
as the C*-norm closure of the union of all local algebras. However, the set 
JT(^ is directed so that we can define the following algebra A of quasilocal 
observables in the usual manner, 

^= U ^w- 

We want to prove that Haag duality holds also on the punctured circle and 
need some technical preparation. Recall that a function k G L'^{S^) is in 
the Hardy space if {e-n,k) = for all n G N where e-n{z) = z"". 
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There is a Theorem of Riesz |2T, Th. 6.13] which states that k{z) ^ almost 
everywhere if G is non-zero. Now suppose / G -Pns^- Then (7* G i?^ 
where g''{z) = z^^'^f'^(z) component-wise, i = 1,2, ... , A^. We conclude 



Lemma 3.5 If f & Pns^ then f G /C(/) implies / = for any I E J'. 

For some interval I E Jc^, let us denote by Ac_{I') the norm closure of the 
algebra generated by all 7^(/i), h E J^, h n I = 0. Obviously A^{r)" C 
TZ{I'); a key point of the analysis is the following 

Lemma 3.6 Haag duality remains valid on the punctured circle, i.e. 

n{i)' = AcilT- (3.15) 

Proof. We have to prove A(^{I')" = TZ{r). It is sufficient to show that each 
generator 7io{B{f)B{g)), f,g E /C(/') of 7^(/') is a weak limit point of a 
net in A({I'). Note that the subspace /C^^-*(/') C JC{I') of functions which 
vanish in a neighborhood of ( is dense. So by Eq. ( |2.1| ) we conclude that it is 
sufficient to establish this fact only for such generators with f,g E /C^^'*(/'), 
because these generators approximate the arbitrary ones already in the norm 
topology. Let us again denote the two connected components of /' \ {(} by 
/+ and /_, and the projections onto corresponding subspaces /C(/±) by P±. 
We also write f± = P±f and g± = P±g for our functions f,g E }C^'^\l'). 
Then we have 

7roiB{f)Big)) = ^,{B{f+)B{g+)) + ^,{B{f_)B{g_)) 

+no{B{f+)B{g_)) + no{B{f_)B{g+)). 

Clearly, the first two terms on the r.h.s. are elements of ^^(/'). We show 
that the third term Y = 7Co{B{f-^)B{g^)) (then, by symmetry, also the fourth 
one) is in ^^(/')". In the same way as in the proof of Lemma 4.1 in [^j one 
constructs a sequence {Xn,n E N}, 

X„ = noiBiht)Bih-)) 

where unit vectors E IC{I^) are related by Mobius transformations such 
that intervals /j^ C I± shrink to the point (. Since < 1 by Eq. ( p.l|) 

it follows that there is a weakly convergent subnet {Za, a E l} {l a directed 
set), w-lima Z„ = Z. For each Iq E elements X„ commute with each 
A E TZ{Io) for sufficiently large n. Hence Z is in the commutant of A and 
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this implies Z = XI. We have chosen the vectors related by Mobius 
transformations. By Mobius invariance of the vacuum state we have 

X={Qo\Xi\Qo) = {rht,Pmhi). 

We claim that we can choose hf such that A 7^ 0. For given set k = Pkb^F- 
We have A; 7^ 0, otherwise Th^ G Pns^ in contradiction to h]^ G /C(/f) by 



Lemma p.5| . Again by Lemma 3^ we conclude that k cannot vanish almost 
everywhere. So we clearly can choose a function G IC{I^) such that 
A = {Thf, k) ^ 0. Now we find Y = A-V-lim„ FZ« and also rZ„ G ^^(^0 
because 

FX„ = MB{U)Big_)Bih+jBih-)) 

= -no{B{U)B{h+J)MBig^)B{h-)) 

is in A({r) for all neN. □ 

Since the vacuum representation is faithful on we can identify ob- 

servables A in the usual manner with their vacuum representers 7Tq{A). Thus 
we consider the vacuum representation as acting as the identity on A, and, 
in the same fashion, we treat local C*-algebras as subalgebras C 7?.(/). 
Now we have to check whether we can extend our representations vr^ and 
endomorphisms from to 7^(/) = £(/)", / G JT"^, ^ = v, s, c, a. That is 
that we have to check local quasi-equivalence of the representations vr^ and 
this will now be elaborated. Define G ^(/C) by 

TV 

^R = EEi^-)(^-i+ E 10 (<i 

i=l neN j<N 

j even 

where e{ = 2-^/'^{ei + ie^"^). 

Lemma 3.7 For I G J the subspaces PnsA^(-^) C Pns^ and E^IC{I) C -Er/C 
are dense. 

Proof. Suppose that PjssslC^I) is not dense in Pns^^- Then there is a non-zero 
/ G Pns^ such that 

{f,PNs9) = {f,g) = o 

for all g G /C(/). Hence / G IC{I)-^ = /C(/') in contradiction to Lemma |3.5| . 
As quite obvious. Lemma p.5| holds for / G -Er/C as well. So also E-^'IC{I) is 
dense in -Er/C. □ 
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Note that is a basis projection if is even. For odd, is a 
partial basis projection with F-co dimension 1 and corresponding F-invariant 
unit vector e^. In this case 

is of the form ( p.4|) . Let us denote by (TYr/, ttr/, I^r')) the GNS representation 
of the quasi-free state ue^^ if N is even and if N is odd. We conclude 

I f TTs © TTc = 2£ 

vTR'hw^l 27r. Ar = 2£+1 

by Theorem pl7| and Lemma |2Tl| and the fact that [-Er]2 = [5'il/^]2 = [5'r]2 {N 
even) and [^^,,^/']2 = [5^2 = [Snh (N odd). 

Lemma 3.8 For I E Jc_ we have local quasi- equivalence 

7rNs|c(/c(/),r) ~ 7rR/|c(/c(/),r)- (3.16) 



Proof. We first claim that I^^ns) and remain cyclic for 7rNs(C(/C(/), F)) 
and 7rR/(C(/C(/), F)), respectively. By Lemma [3171 , C Pns^ is 

dense. It follows that vectors of the form 7rNs(-B(/i) ■ ■ ■ -B(/n))|f^Ns), with 
/i, /2, ... , /n € PnsA^(-^), ''^ = 0, 1, 2, ... , are total in T^ns- This proves the 
required cyclicity of I^ns)- For even, cychcity of |^^r') for C(/C(/),F) 
is proven in the same way. For A^ odd, we have TYr/ = ® Ti-E^y 

71"r' = '^E,+ © '^E- and I^r') = 2~^/^(|i7£;j^) © \^En)) in Lemma p?T| , and 



the corresponding F-invariant unit vector is given by e^. In order to prove 
cychcity of I^r') we show that (\E'|7rR/(a;)|f2R/) = for all x G C(/C(/),F), 
1^) = |^+) © |^_) e Hr', implies |^) = 0. We have 

{^\7rR,{x)\nR,) = ^ (vl/+|7r^^,+ (x)|fi^J + ^ {^^\nE^,4x)\nEj = 



Again by Lemma 3/7, £'r/C(/) C -Er/C is dense, hence vectors of the form 

T^En,±i^)\^En} = T^Enix)\^En)y ^ = B{f\) ■ ■ ■ B{fn) , /l, /2, ••• , /n £ Er}C{I), 

n = 0, 1,2, . . . , are total in TCe^- It follows |\I'_) = — Hence 
(^+IKK,+(y) - TtE^AymEj = 0, ye C(/C(/),F). 
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Keep all x = • ■ ■ B{fn) as above and choose an / G /C(/) such that 

(e^,/) = 2-1/2. y ^ Then, by Eq. (U), we compute 



X) 



^E^,±{y) = (-1)" Qe^{-i) + ^i.K(5((^R + ^r)/))) ^e^\ 

and hence 

Because such vectors are total in He^^ we find |\E'+) = and hence |\E') = 0. 
We have seen that vectors I^ns) and I^^r/) remain cyclic. Thus we can 
prove the lemma by showing that the restricted states upjP^^Pj and upjE^^Pj 
{N = 2£) respectively ujpjS^Pj {N = 2i + 1) give rise to quasi-equivalent 
representations. Because they are quasi-free on C(/C(/),r) we have to show 
that 

[{PiPnsPi) J2 - I [(p^5^p^)i/2]^ N = 2i+1 ■ 

By use of Eq. ( |3.13| ) it is sufficient to show that the difference of P/Pns-P/ and 
PiEb.Pi respectively PjS^^Pi is trace class for / G JT^ . It is obviously sufficient 
to prove that PjPjstsPi — PiSBPi is trace class for the case = 1 (since all the 
operators above are, up to finite dimensional operators, direct sums of those 
for N = 1). We use the parameterization z = — vr < < vr of S^. Recall 
that Hilbert Schmidt operators A G JT2{L^{S^)) can be written as square 
integrable kernels A{(l),(j)'). For instance, a rank-one-projection |er-)(er| has 
kernel e'^(*-<^'). For (small) e > define operators in P^'ls^^'^ G j2iL^iS^)) 
by kernels 

p^k<p,<p') = Y. 



_ \^g-(n+l/2)(i<^-i0'+e) 



e 



-{i</.-i(/-'+e)/2 



ra=0 



1 _ g-(i</.-i(/-'+e) ' 



and 



^ oo 



2 ^ 1 - e-(i'/'-i</''+e) 2 ■ 

n=l 



Note that e > regularizes the singularities for — 0' = 0, ±27r. Using 
Cauchy's integral formula, it is easy to check that for r, s G Z + i, 

d^ /• d^' ^-r+l/2^/s+l/2g_,/2 



lim(e.,4s^e.) = lim^^^^vri. 
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lime\o e^^ 5r-s,o s <0 

otherwise 
= (er,-PNses). 

Because e'"" < 1 for s < this result can be generahzed to 

hin (/, Pi^ig) = (/, Pns^) 

for arbitrary f,g& L^{S^) by an argument of bounded convergence. So we 

have weak convergence w-hm^^o-^Ns ~ -^ns = -^ns- In analogous way 
one obtains w- linie^o '5^'* = = S'r. Thus the difference A*^^^ = S^^ ~Pns 
with kernel 

converges weakly to A = S'r— Pns- We have to show that X = PjAPj is trace 
class. The operator Pj acts as multiplication with the characteristic function 
X/(0) corresponding to 2; = e"^ e /. Now X^^^ — PjA^'^^Pj, converging weakly 
to X, has kernel 

and is no longer singular for e \ 0. Thus the kernel X^^\(f),(f)') that is 
obtained from X^^^ by putting e = is well-defined and hence 



^'^(^,<P')g{e''^'), f,geL\S'), 

by the theorem of bounded convergence. It follows X = X^^^ G J'2{L'^ (S^)) . 
Let xi be a smooth function on [— tt, tt] which satisfies Xi{4>) = 1 for 2; = 
e^"^ e / and vanishes in a neighborhood of ^ = ±7r. We define 

such that X — PjXPj and hence 

llXlli = ||P/XP,||i < ||P,||||X||i||P,|| = iixiii. 
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Since 0') is a smooth function in and 0' it has fast decreasing Fourier 
coefficients which coincide with matrix elements (e„,Xem,), n, m G Z. This 
proves the statement < oo. □ 

In restriction to the local even algebra £(/) = C(A^(/),r)+, / G we 
find by Lemma |3.8| 



vrs©7re)|£(/) N = 2^ 



2£ + 1 



Recall that tt^ ~ ttq o with U = 2\v){v\ — 1 as in Corollary ^.S] . Choose 
V G Then = x for x G (^(/), hence ttq and tTv are equivalent on 

In the same way we obtain local equivalence of tTs and tTc. We conclude 
that indeed local normality holds for all sectors. 

Theorem 3.9 Restricted to local C* -algebras / G Jc_, the representa- 

tions VTg are quasi-equivalent to the vacuum representation ttq = id, 

7r^k(/) ~ 7i"ok(/), I ^ Jc^ ^ = v,s,c,cr. (3.17) 



We have seen that we have an extension of our representations tt^ to local 
von Neumann algebras 7^(1), / G J7f, and thus to the quasilocal algebra A 
they generate. By unitary equivalence ~ vr^ on we have an extension 
of to A, too, ^ = V, s, c, a. Being localized in some I G Jc_, they inherit 
properties 

qM)=A, AeA^{I'), 

and 

^5(7^(/o)) C 7^(/o), Jo G / C Jo, 

from the underlying C*-algebras. So our endomorphisms are well-defined 
localized endomorphisms of A in the common sense. Moreover, they are 
transportable. This follows because the precosheaf {TZ{I)} is Mobius covari- 
ant. Hence A is covariant with respect to the subgroup of Mobius transfor- 
mations leaving C, invariant. 

3.2.3 Fusion Rules 

In this subsection we prove the fusion rules of our sectors 1, v, s, c, a in terms 
of unitary equivalence classes of localized endomorphisms [q] = [ttq o q\ (or. 
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equivalently, in terms of equivalence classes [vr] of representations vr satisfying 
an DHR criterion). Because we deal with an Haag dual net of local von 
Neumann algebras, by standard arguments, it suffices to check a fusion rule 
[g^g^'] for special representatives g^ G [g^], g^' G [g^']- This will be done 



by our examples of Definitions |3.1j and |3.3| . For instance, we clearly have 
V X V = 1 for all N E N. Let us first consider the even case, = 2i. By 
Corollary |2.8| we easily find vxs = c, vxc = s. Since V then is unitary 
and by Lemma ^]2| we have ttns ° gy — ttns- Now ttns, when restricted to 
= C(/C, r)"*", decomposes into the basic and the vector representation. 
Hence only the possibilities sxs = lorsxs = v are left, i.e. we have to 
check whether 7rj;^g o gy is equivalent to n^g or vTj^g, i.e. whether gg is a self- 
conjugate endomorphism or not. For N = 2i the action of V in the (2j — 1)**^ 
and the 2j^^ component, j = 1,2,..., i, is the same as in the 1*^* and the 2°^^ 
component, respectively. So we can write the square = as a product, 

W = 1^1,2^^3,4 ■ ■ ■ Wn-1,N 

where Wi^2 acts as W in the first two components and as the identity in the 
others, etc. Since a of Prop. is multiplicative and clearly all W^2j-i,2i lead 
to implementable automorphisms we have 

a{W) = ^(1^1,2)^(1^3,4) ■ ■ ■ ct{Wn-i,n). 

All W2j-i,2j are built in the same way, hence all the (T{W2j-i,2j) are equal 
i.e. a(W) = o"(W^i,2)^. Since a takes only values ±1 this is s x s = 1 if £ 
is even. But for odd i this reads a(W) = a"(H^i,2). Thus we first check the 
case N = 2. If <j(Wi^2) = +1 then gg is self-conjugate, otherwise it is not 



self-conjugate, i.e. s x s = v. It is a result of Guido and Longo that a 
conjugate morphism 'g is given by 

^ = j o ^oj 

where j is the antiautomorphism corresponding to the refiection z ^ ^ on 
the circle (PCT transformation). In our model, j is the extension of the 
antilinear Bogoliubov automorphism je, 

je(i?(/)) = 5(6/), 6/ = e ((f ).=1,2) = (/;efl),=i,2 , 



where / E L'^{S^; C^) and f^^ni^) = fK^) ^ ^ So we have a candidate 
'g^ = 'gv = geve- It is quite obvious that 6P/^6 = Pj^ and that 6/^ = fp, 
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p G ^ Z, so it follows by antilinearity of G (A^ = 2) 

eve = -Pi_ + Pj^ + (-ir^ - iR^) - if - iT^). 
It is not hard to see that this is 

eve = u,,2V, f/i,2 = 2\vl/,){vl^,\ - 1, vl/, = ^ ifl/, + f\,,). 

Now [/i 2 is as in Corollary p.8| so that we find sxvxs = sxc = l 
for = 2. Hence ^(1^1,2) = -1, so it follows s x c = 1 for all iV = 2£ 
with £ odd. For the case N = 2^ + 1 the situation is different because qv 
then is not an automorphism. As discussed at the end of Section 5, the 
representation vtns o Qv (and, of course, also ttns o QuQv) decomposes, in 
restriction to C(/C, F)"*", into two equivalent irreducibles corresponding to the 
spinor sector a. So we find at first v x a = o". Let us consider ttns o q^. We 



have My 2 = 2My = 2, hence by Theorem |2.5| and Lemma we conclude 
ttns ° Qv — 2vrNs- In restriction to C(/C, F)+ this reads vr^g o © TTj^g o ~ 
2(7rj;J^g ©7rj;^g). Our previous results admit only ti^^ o Qy — ° Qv hence 
we find a x cr = 1 + v. Summarizing we rediscover the WZW fusion rules. 



Theorem 3.10 The DHR sector product reproduces the fusion rules ( 2.21 ) 
and W^)- 



3.3 Remarks 

We conclude this chapter with some general remarks on the presented anal- 
ysis. 



3.3.1 The Chiral Ising Model 

Although the analysis of the so(A^) WZW models requires that N > 7 our 
analysis with fermions also works if one formally sets A^ = 1. In this case no 
current algebra appears; the chiral algebra (i.e. the unbounded observable 
algebra) consists just of a Virasoro algebra with central charge c = 1/2, 

then only one species of fermions is present so that 

rGZ+1/2 
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in the Neveu-Schwarz sector, respectively 



ne2 



in the Ramond sector. Under the action of the Virasoro algebra the Neveu- 
Schwarz sector splits into two different modules with conformal weights and 
1/2 (the "basic" and the "vector module") and the Ramond sector sphts into 
two equivalent modules with conformal weight 1/16 (the "spinor module" a). 
Thus the = 1 case is just what is called the chiral Ising model which was 
first investigated in the algebraic framework in |41| . Indeed the analysis using 



localized endomorphisms of even CAR algebras reproduces the fusion rules 
( |2.22| ) which are called the Ising fusion rules. This analysis has been carried 
out in and is now included in our more general setting. 



3.3.2 Discussion and Outlook 

The main result of this chapter is the proof of the WZW fusion rules in 
terms of the DHR sector product. We believe that this result is remark- 
able for two reasons. Firstly, non-trivial CFT models could be incorporated 
mathematically rigorously in the DHR framework, and expected correspon- 
dences between CFT and AQFT could be established. Secondly, the proof is 
completely independent of the methods that are conventionally used in CFT 
to derive fusion rules. This is noteworthy since methods like operator prod- 
uct expansions are not all under sufficient mathematical control. However, 
our results are based on the fact that the Z2-invariant fermion algebras are 
identified to be the bounded observable algebras of the level 1 3o{N) WZW 
models. Therefore difficulties arise when one tries to generalize this program 
to other models. As we will see in the next chapter, already at level 2 there 
is no longer a gauge invariant subalgebra of the fermion algebra that can be 
identified as bounded WZW observable algebra. Also to su{N) WZW models 
(at arbitrary level) we cannot directly translate this program. 

In order to incorporate other WZW models into the DHR framework, 
Wassermann's loop group approach may be the more suitable one. However, 
it would be desirable to find the relevant localized endomorphisms of the 
operator algebras in the vacuum representation so that the fusion rules could 
be directly derived in terms of the DHR sector product instead of using 
Connes fusion. 
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Chapter 4 



5o{N) Wess-Zumino-Witten 
Models at Level 2 

In this chapter we tackle the problem to identify the sb{N)2 highest weight 
modules appearing in the doubled Neveu-Schwarz sector H^^s = "^ns ® '^ns; 
the "big Fock space", where T^ns is the Neveu-Schwarz sector of the level 
1 theory. We discuss the realization of sb{N) xi 5Jir in T^ns- Crucial for 
our construction is the application of the DHR theory to a fermionic field 
algebra acting in the big Fock space; we introduce the DHR gauge group 
0(2) which leaves the chiral algebra invariant. The decomposition of the big 
Fock space into the sectors of the gauge invariant fermion algebra turns out 
to be helpful for the construction of the simultaneous highest weight vectors 
of sb{N)2 and the coset Virasoro algebra QJir'^. A detailed analysis of the 
characters ends up with the complete decomposition of the big Fock space 
into tensor products of irreducible sb{N)2 and QJir'^ highest weight modules. 
This analysis is based on [^. 

4.1 The Doubled Neveu-Schwarz Sector 

In this section we introduce the big Fock space T^ns and the "doubled" 
fermion algebra acting on it. In view of the fact that the generators of 
50 (N) X Q3ir as well as those of the Virasoro algebra 5Jir^ of the coset theory 
(so(A^)i©so(A^)i)/5b(A^)2 are both invariant under the gauge group 0(2) we 
decompose the big Fock space into the sectors of the gauge invariant fermion 
algebra. According to the results of the DHR theory, the representation 
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theory of the gauge group determines this decomposition. 



4.1.1 The Doubled CAR Algebra 

We are interested in the theory that is obtained by doubhng the Neveu- 
Schwarz fermions of the type described in Chapter 3. Thus in addition to 
the so{N) index i the fermion modes will now be labelled by a "flavor" index 
q = 1,2. To describe this theory, we define 

/C = /C©/C, f = r©r and Pns = Pns®Pns, 
or, alternatively, 

k; = /c®c^ f = r®r2 and PNs = i'Ns®i2, 

where r2 denotes the canonical complex conjugation in C^. Further, for any 
/ G /C we define the elements 

B^{f) = Bif^v^), g = l,2, 

of C(/C, r), where denote the canonical unit vectors of C^. We denote by 
(T^NS, ttns, I^ns)) the GNS representation associated to the Fock state u;p^g 
of C(/C,f ). We then define the Fourier modes 

bt:'^ = Tf^siB'^iel)) (4.1) 

for i = 1,2, ... , N, q = 1,2 and r G Z + |. The Fourier modes 6*''^ generate a 
CAR algebra with relations 



r+s,0 



and (6*''^)* = b^^^. The modes 6*''' with positive index r act as annihilation 
operators in T^ns; i-e. for all g = 1, 2 and all z = 1, 2, ... , we have 

I^Ns) = for r G No + I . 
4.1.2 Realization of 5o{N) xi 5Jir at Level 2 



Given the fermion modes (|4.1|), one defines again normal ordering 



U\ph3\q r < {] 1 
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sums over their normal-ordered bilinears 



reZ+1/2 



and current operators 



2 

>^ = iE[^"i'^'-^i^1' (4.2) 

for 2, J = 1,2, ...,A^. Quite analogous to the situation in T^ns; all the un- 
bounded expressions we introduce here possess an invariant dense domain 
T^Ns <^ '^Ns spanned by finite energy vectors. One checks by direct compu- 
tation that 

and 

(4.3) 

+2m5^_„ (5i,fc(5j-; - (5i,/(5j,fc) . 

According to (|4.3| ) (compare also (|2.19| )), the J^-' with i < j provide a basis 
for the affine Lie algebra so(A^) at fixed value fc^ = 2 of the level. That the 
level of sb(A^) has the value 2 is of course a consequence of the summation 
over two species of fermions in ( [4. 21 ); while for a single fermion we obtained 
the Lie algebra sb(A^) at level 1 we now observe that the J]^ correspond via 
second quantization to operators r]^ ® I2 on /C, so that the Schwinger term 
( |2.1CI| ) is doubled now. 

Recall the Chevalley basis of the affine Lie algebra zoiN^i] the Cartan 
subalgebra generators are HP = Jq-'"^'^-' for j = 1,2,..., i, and the Chevalley 
generators S^. are given by 

4 = ±^o(ti5') forj = l,2,...,£-l, 

±Mt±,±^) foTN = 2i, 



£-1,. 

I -\- lf^\T 

1,2 N W 



± 



±Jo(ti) forA^ = 2£+l 



where 
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for i,j = 1, 2, ... , £ and s,r] — ±1. 

The generators of the associated Virasoro algebra, i.e. the Laurent modes 
of the stress energy tensor of the WZW theory, will be denoted by L^. In 
our particular case, Sugawara's formula reads 

l<i<j<N neZ 

where the normal ordering of the current operators is defined by 

.... f pj jhj 77? < n 

. ^^,3 p,J. — ) m "^n '"' ^ 

' \ Jii'Ji^ m > 0. 

This Virasoro algebra has central charge c = N — 1. Also, we denote by 
the Laurent components of the canonical stress energy tensor of the fermion 
theory in the big Fock space (i.e. the Sugawara operators associated to the 
semisimple Lie algebra 50 (A^) ® 50 (A?"), compare Chapter 1, Subsection 1.2.3), 

JV 

= Lg^ + Lg^ with L(^) = E E - f ) • (4-4) 

i=l reZ+l/2 



Thus in particular 



TV 



1=1 rGNo+1/2 



Note that the correspond via second quantization to operators Am,®l2 on 
AC but not the L^. Although the satisfy the same commutation relations 
with the current operators as the Sugawara operators do. 



m+n 1 



they generate a Virasoro algebra with central charge c^^ — N. This imphes 
that the coset Virasoro operators 



rc rNS r 



commute with the current operators J*'-' and generate the coset Virasoro 
algebra QJir*^ with central charge — c^^ — c — 1. 
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4.1.3 DHR Theory with Gauge Group 0(2) 

The group 0(2) is generated by GL{2;C) matrices 

/ cos(t) -sin(t) \ ( 1 0\ 

Correspondingly, we define Bogoliubov operators in Q(/C,r), 

[/(o't) = l®7t, U{7]) = l^r] 

acting on /C = /C (8> C^; they induce Bogohubov automorphisms gu{'yt)j Quiri), 
respectively. These automorphisms fulfill 

QuM(B\f)) = cos(i) B\f) - sm(t) B\f) , 
guM{B\f)) = sm{t) B\f) + cos(t) B\f) 

and 

Qui,){B\f)) = B\f) , Qui,){B\f)) = -B\f) . 
The invariance of the Fock state top^^ reads now 

and hence there is a unitary (strongly continuous) representation Q of 0(2) 
by certain implementers Q{-ft) = Qp^g{U{-ft)) and Q{r]) = Qp^^{U{ri)) in 
®('^Ns) which satisfy 

Qht) \^NS) = I^NS) = Qiv) I^NS) , 

and the action of gu{'yt) s-^d Qu(ri) extends to ®(?iIns)- 

The inequivalent finite-dimensional irreducible representations of 0(2) 
are the following. Besides the identity $o with $o(-) — 1 and another one- 
dimensional representation $j with 

$j(70 = l, $j(r/) = -l, (4.5) 

there are only two-dimensional representations $[^] with m = 1, 2, ... ; their 
representation matrices are 

^M(7t) = ""q Jimt ) , ^M(r/) = 5 ly (4.6) 
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The tensor product decompositions of these representations read 



^[m] X = $[|m-n|] + ^[m+n] ioi m ^ U , (4.7) 

$N X = $0 + $j + $[2„] . 

Field and observable algebras of the fermion theory are described as follows. 
Choose a point on the circle and denote by J7( the set of those open 

intervals I C whose closures do not contain (. For IeJ^q let /C(/) be the 
subspace of functions having support in I. Correspondingly, define /C(/) = 
/C(/) (S) C^. The local field algebras ^{I) are then defined to be the von 
Neumann algebras 

OT = ^Ns(c(/c(j),f)r, 

and the global field algebra ^ is the C*-algebra that is defined as the norm 
closure of the union of the local algebras, 



d= u dii). 

The group 0(2) acts on the field algebra as a gauge group in the sense 



of Doplicher, Haag and Roberts |]T5[. This a subgroup of the automorphism 
group of 5^(7) respectively ^ such that the observables are precisely the gauge 
invariant fields (compare Chapter 1, Subsection 1.1.1). Therefore the local 
observable algebras 2l(/) and the global (or quasi-local) observable algebra 
21 are defined as 0(2)-invariant part of the field algebras, 

2t(J)=i?(/)nQ(0(2))' 

and 

21= U 2t(/). 

At level 2 the algebra 2t does not coincide with the observable algebra 2lwzw 
of bounded operators which is associated to the WZW theory. Indeed we 
will see that each irreducible 2t-sector is highly reducible under the action 
of the observable algebra 2lwzw- Nevertheless, owing to 2lwzw C 21 the 
representation theory of 2t turns out to be crucial for our analysis of the 
decomposition of the big Fock space into tensor products of highest weight 
modules of the level 2 chiral algebra and of the coset Virasoro algebra. 
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For the construction of the highest weight vectors within the 2l-sectors it 
is convenient to work with the unbounded operators oi sb{N) (instead of the 
bounded elements of 2lwzw) and of the Virasoro algebra that is associated 
to so(A^)2 by the Sugawara formula. 

The Bogoliubov automorphisms act as rotations on the flavor index q of 
the fermions. As a consequence, they leave expressions of the form 

2 
9=1 

invariant. In particular, it can be easily read off their definition that the 
current operators remain invariant under the action of the gauge group 
0(2). Similarly, owing to the summation on q in the bilinear expression ( |4.4|) , 
the Virasoro generators are 0(2)-invariant, too. This implies that the 
coset Virasoro operators are gauge invariant as well. Therefore neither 
the current operators of so(A^)2 nor the elements of ^Jir'^ make transitions 
between the sectors of 21 (and hence in particular 2lwzw C 21). For the de- 
composition of the big Fock space ?^ns into their (highest weight) modules it 
may thus be helpful to decompose TYns first into the sectors of 21. Employing 
the results of [|15], we arrive at 

oo 

Here Ho, Hj and H[m\ carry mutually inequivalent irreducible representa- 
tions of 2t; vectors in TiQ^Tij transform according to the two inequivalent 
one-dimensional irreducible representations $o and $j of the gauge group 
0(2), respectively, and the Hym] — carry the inequivalent two-dimensio- 
nal irreducible 0(2)-representations $[m]- Later we will also use the notation 

where by definition, Q{'yt) acts on Ti.^-^ as multiplication with e^""*. 

At level 1 we have T^ns = 'H'^J^ © '^^v\ and hence at level 2 we can write 

n^s = iK' © K') © iK' © K') © iK' © K') © (7^« © • (4.8) 

The four summands in this decomposition can be characterized as the com- 
mon eigenspaces with respect to the "fermion flips" Qi'jnV) and Q{ri), namely 
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those associated to the pairs (1, 1), (1, —1), (—1, 1) and (—1, —1) of eigenval- 
ues, respectively. By comparison with the action ( [4 .51) and ( [4.6|) of 0(2) on 
the 21 sectors, it follows that we can decompose the tensor products appearing 
in (|48|) as 

oo oo 

^ (4.9) 



n=0 



Later we will employ the representation theory of the gauge group 0(2), and 
in particular the decomposition ([4.9|) , to obtain also simple formulae for the 
characters of the level 2 modules in the big Fock space. As further input, we 
will need some information about the relevant coset conformal field theories. 



4.2 Highest Weight Vectors 

Recall that a highest weight vector |$a) of so(A^)2 with highest weight A is 
characterized by the following properties. Firstly, it is annihilated by the step 
operators associated to the horizontal positive roots, i.e. for 1 < i < j < i 
and e = ±1 one has 

Mt%) |$a) = , and also Jo(4) I*a) = for = 2£ + 1 ; 

secondly, it is also annihilated by the step operators with positive grade, 
i.e. for m > 0, i, j = 1, 2, ... , i and e,ri = ±1 it satisfies 

Jm{t%) I^^a) = , and also J^(t^) |<I>a) = for A^ = 2£ + 1 ; 

(note that the above conditions are equivalent to the requirement Sl_ |$a) = 
0, j = 0, 1, ... , £) and thirdly, |$a) is an eigenvector of the Cartan subalgebra, 

n'' |$a) = A'^ |$a) 

for k = 1,2, 

We will exploit the decomposition of TtIns into irreducible 21 sectors to 
identify the highest weight vectors of sb{N)2. Indeed, in each sector Ho, Hj 
and H.^-^ we find distinguished states which are highest weight vectors for 
both so(A^)2 and the coset Virasoro algebra. 
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4.2.1 The Combinations x^'^ and x^'^ 

For the construction of the simultaneous highest weight vectors of so (A^) 2 and 
5Jir^ it is convenient to introduce new creation and annihilation operators in 
terms of hnear combinations of the 6*'*. We define 

~ 'y/2 ' xi' = (qi' ± ic^' ) , 

for j — 1, 2, ... , i, where 

and also, for = 2£+ 1, 

Further, we set 

X/.± = a;^}± x^^-i.± . . . xl'^ for J = 1, 2, ... , £ , 

X/.± = x^+i.± x^+2,± . . . xl'^ for j = 0, 1, 1 , 

and X!^'^ = 1. By direct calculation, we obtain 

[^^ 4'^] = ^j,k x','^ , = -(5,- , (4.10) 

for all j, /c = 1, 2, ... , i, and similarly, for = 2^ + 1, 

[7i^-,:^f+^'±] = (4.11) 

for all j — 1,2, ... To find also the commutators of the fermion modes 
with the raising operators S^, we first compute 

[J^(4fj, c^'±] = i £ (r; If 1) 6j,k 4% - I (e T 1) ^i.fc c^V ■ 

Analogous relations hold for [Jmitl'^r])^'^r'^]- When A" = 2£ + 1 we have in 
addition the relation [Jm(^£'i?)> ^r^^^'^] — 

IMti), 4'^] = T bill'' , [J^(ti), c,^'±] = , 
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and similar relations for [Jm{t+),c^'^], [Jm{t-) , c'^'^] and [J„i(ii), 6^^+^'^] 
Prom these results we learn that 

[Si, = x^.'^ , [^i, = 4,i ^^.+''^ for j = 1, 2, 1 , 

6k,exi-^'^-6k,i-ixi'^ foriV = 2£, 
4+''^ - Sk,e+i for TV = 2£ + 1 . 



Taking into account that {xp^y — (a^^'^)^ = and (xp^)* — x^^, these 
relations imply that 

[4,X,^'±] = fori = 1,2,...,^, 

. _ (4.12) 
[Si,X^'^]=0 forj = l,2,...,£-l. 

For j = i wc have instead 

[Si, Xl^'^] ■ X^'^ = for iV = 2£ , 

[Si , • 4+^'^ = , [Si, 4+^'^] ■ Xi'^ = for TV = 2£ + 1 . 

(4.13) 

Finally, for j = wc find 

[Si, = , [Si, • = . (4.14) 

4.2.2 Simultaneous Highest Weight Vectors of 50(^^)2 
and QJir'^ 

Now we are in a position to define a lot of vectors which will be proven to 
be highest weight states for both, the affine Lie algebra 50 (A^) 2 and the coset 
Virasoro algebra. 

Definition 4.1 For n = 0, 1, 2, ... we set 

l^bf ) = 1^°'^) ' 3 = 1' 2' - ' ^ ' (4-15) 

as well as 

^ I ^ivti/2^-li/2 1^0'^) for AT = 2£ , J = 1, 2, ... , ^ - 1 , 

~~ [ ^iti/2^it-V2^-ti/2 l^^o'^) for TV = 2£ + 1 , J = 1, 2, ... , £ , 

(4.16) 
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^-^-i/2^it':t/2^-li/2 1^:-^) for iV = 2£ + 1 



(4.17) 



inl'^) = = \n^s) . (4.18) 



lb|r2^'^) — |f^v) — '^ — 1/2'^ — 1/2 l^o) ' 

l^'v / — •^_n-l/2"''n-l/2 l^'o /i— ±,^,... 



(4.19) 



and, for N = 2i, 

^ ~ '^'[^] / ' l"c / — •^-n-l/2-^n+l/2 



= i^r/) , i^c'^) = ^'-:ti/2<':i/2 i^r'^) • (4-20) 



Let (compare Tables ^]2| and ^]3| 



A(j) for j = 1, 2, 2 or j = ^ - 1, = 2^ + 1 , 

A[j] = -{ A(,_i) + A(,) forj=£-l, Ar = 2£, 
2A(^) for j = A^ = 2£ + 1 , 

with the fundamental weights A(j) as defined in Chapter 2, Subsection 2.2.1, 
while Ao = 0, Av = 2A(i), and, for A^ = 2i, A, = 2A(^), A^ = 2A(£_i). We 
now claim 

Theorem 4.2 For n = 0, 1,2, ... the vectors of Definition [(. ]\ 1^^"'^); 
Ifij^.j"*^) and ), j = 1, 2, — 1, are highest weight states of sb{N)2 with 
highest weights Ao, A^, Ay] and Ay^, respectively; for N = 2i the vectors 
and l^^"'"*^) are highest weight states with highest weights Ag and A^, 
respectively, and for N = 2i + 1 the vectors \^^^^) and |n|^] ) are highest 
weight states with highest weights A[^]. 

Proof. Firstly, we have to show that all these vectors are annihilated by S: 



for j = 0, 1, ... , £. This can easily be checked by inserting the results (^.12|) - 



( 4.14| ) for the commutators between the step operators S-\^ and the operators 
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X^'^*", X^'^ into the definitions of tliese states. Tlie least trivial case occurs 
for S^, where one employs the first of the identities ( [4.14|) ; one then has 
to commute x\'^ and x^'^, to the right and use xJ^2l^o) = = x1'^\flo) 
when n = 0, while for n > one also must employ the second identity in 
( |4.14| ). Secondly, we have to show that the states defined in Definition ^TT] are 
eigenvectors of all Cartan subalgebra generators Ti*^ {k = 1,2,. ..,£). More 
precisely, from the commutation relations ( |4.10| ) and ( [4. Ill ) it follows rather 
directly that 

injf ) = (A[,])^ |f^;;.f ) for J = 1, 2, ... , £ , 



|(]yf ) = (A[,])'= for J = 1, 2, 1 



and 



the theorem is proven. □ 
We further claim 

Theorem 4.3 For n = 0,1,2,... the vectors of Definition |^.i| l^o'^)? 1^"'^) 
and , \Tf^j^ ), j = 1,2, — 1, are highest weight states of the coset 

Virasoro algebra QJir'^ with coset conformal weights 

A=„^„ = AV = ^ , (4.21) 

and 

A%^ = ^inN + jy, j = l,2,...,£-l. 



= + - 3? , J = 1, 2, 1 



(4.22) 



respectively; for N = 2i the vectors and 1^2"'^) ^'^^ highest weight 
states with coset conformal weights 

A'^^.^, = A^^.^, = ^inN + i)\ (4.23) 

respectively, and for N = 2i + 1 the vectors are highest weight 
states with coset conformal weights 

= ^{nN + If , K,, = 2^(('^ + m - ^? , (4.24) 

respectively. 
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Proof. As a consequence of Theorem the vectors ( [4.1| ) are highest weight 



states of the Sugawara Virasoro algebra. Hence we have to show that 
with m > annihilates these states, which is a consequence of 

rrNs j,±] — _(r M —^ T^'^ rr^s — _(r m —^ ^^'^ 

In particular we have 

[Lo\ 4'^] = -r x';^ , ^'r^] = 4'^ • (4.25) 

From these relations we also deduce that 

with conformal weights 

^% = [l+l + --- + in-l)]N+in + l)j = ^ + in + l)j 
for j = 1,2, ... ,i. Similarly, 

^0 ) - ^n;j\^^[j] ) ^ ^n;j- 2 " l'^ + 2 ' 

for j = 1, 2, ... , i. Also, for the sectors labelled by o, v, s and c we find 

ANS _ n'^N ANS _ n^N . ans _ ans _ ans 

Furthermore, the conformal weights of the vectors (|4.15| ) - (|4.20|) with respect 
to the Virasoro algebra of the level 2 WZW theory follow immediately from 
the so(A^)-weights A by the Sugawara formula for the Virasoro generator 
Lq. This yields the conformal weights that were already listed in the Tables 
p.2| and |2.3| . By comparison of these conformal dimensions with the ones 
obtained above, the proof is completed. □ 

Since the affine Lie algebra so(A^)2 and the coset Virasoro algebra com- 
mute, it follows immediately that further highest weight vectors of so(A^)2 
are obtained when acting with the lowering operators of the coset Virasoro 
algebra on the vectors ( [4.15|) - ( [4.20| ). For example, applying the coset Vi- 
rasoro operator L^_^ to the highest weight vector we get the highest 
weight vector (computed for the case N = 2i) 

= ]v [^-3/2!^°) + ^(^-'1/2^-1/2 ^ ^-1/2^-1/2) 

A;=l 
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of so (AT) 2. 

Also note that by construction the tensor product module, and hence 
each of its submodules, is unitary. Thus in particular the highest weight 
modules that are obtained by acting with arbitrary polynomials in the low- 
ering operators E^L on the highest weight vectors are unitary, and hence are 
fully reducible. 



4.2.3 0(2)-Transformation Properties 

There is an interesting association of the sb{N)2 highest weight modules 
appearing in TYns to the sectors of 21 labelled by the spectrum of the gauge 
group 0(2). This becomes apparent from the 0(2)-transformation properties 
of the highest weight vectors of Definition |4.1| . 

For the Fourier modes c^'^ and ci'^ the action of Qui-yt)) ^^IR, and of Qu{ri) 
read (recall that the action of these Bogoliubov automorphisms extends to 
^(TiNs)) 



Qu(^t) {4'^) = cos(t) c^'=^ - sin(t) c^'^ , Qu{ri) {cl'^) = cl'^ , 
gu(yt) {ci'^) = sin(t) ci'^ + cos{t) c^'^ , Qu{r,) {ci'^) = -ci'^ 
so that the combinations xl'^ transform as 



Analogously, 



r 



Hence the combinations X^'^ transform as 

Qui,,,) {Xi'^) = e±^^* Xi'^ , Qui,) {Xi'^) = Xl'^ , 
and analogously. 

The vacuum l^o) is (9(2)-invariant. We then deduce the following transfor- 
mations for the vectors of Definition [4.1| . For all n = 0, 1, 2, ... we have 

Q(7t) I^^Ef ) = e±'("^+^-)* Ifijf ) , g(r/) Ifijf ) = Ifijf ) 
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for j = 1, 2, ... , i, and 
for j = 1,2, Also 











Qiv) K'^) = 






Qiv) l^s'^) = 






Qiv) K'^) = 





We remark that the highest weight states 1^^"'^) and |^^o'^), n = 1,2,..., 
and for even also 1^^"'^) ^^^1 n = 0,1,2,..., are connected by 

0(2)-invariant fermion bilinears, i.e. by elements of the intermediate algebra 
21. Explicitly, we have 

for n = 1, 2, . . ., and 

l"c / — "c l"s /5 "c — l-^n+i/2-^-n-l/2 ^ •^n+l/2'^-n-l/2/ 

for n = 0,1,2,.... 



4.3 Characters 

Owing to the inclusion 2twzw C 21, the irreducible sectors of the gauge invari- 
ant fermion algebra 21 constitute modules of the observable algebra 2lwzw of 
the WZW theory, which however are typically reducible. To determine the 
decomposition of the irreducible modules of the intermediate algebra 2t into 
irreducible modules of 2lwzw "we analyze their characters and combine the 
result with the knowledge about the characters of the coset theory. 

In the following calculations we directly use the argument q = exp(27rir) 
instead of the upper complex half plane variable r; so it is always understood 
that |g| < 1. Moreover, we neglect the additional term — c/24 in the definition 
( |1.5| ) which is conventionally added due to simpler transformation properties 
with respect to the modular group. For our purposes, this modification is not 
needed and would only cause several confusing prefactors. Thus we define 
the character of a module simply as the trace of q^°. 
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4.3.1 c = 1 Orbifolds 



Via the coset construction one associates to any embedding of untwisted 
affine Lie algebras that is induced by an embedding of their horizontal sub- 
algebras another conformal field theory, called the coset theory. Here the 
relevant embedding is that of sb{N)2 into so(A^)i ©so(A^)i; the branching 
rules of this embedding are just the tensor product decompositions of 5o(A^)i- 
modules (compare Chapter 1, Subsection 1.2.3). 

The Virasoro algebra of the coset theory is easily obtained as the differ- 
ence of the Sugawara constructions of the Virasoro algebras of the affine Lie 
algebras. In contrast, the determination of the field contents of the coset 
theory is in general a difficult task (see e.g. ^). But in the case of our 
interest, the coset theory has conformal central charge c = 1, and the classi- 
fication of (unitary) c = 1 conformal field theories is well known. In fact, one 
finds (compare e.g. ^^) that it is a so-called rational c = 1 orbifold theory, 
which can be obtained from the c = 1 theory of a free boson compactified 
on a circle by restriction to the invariants with respect to a Z2-symmetry. 
These conformal field theory models have been investigated in |T^; for our 
purposes we need only the following information. 

The rational c = 1 Z2-orbifolds are labelled by a non-negative integer M. 
The theory at a given value of M has M + 7 sectors; they are listed in the 
following table. Here we have again separated the fields which correspond 



Table 4.1: Sectors of the c = 1 Zo-orbifolds 



field 


A 


V 


o 





1 


v 


1 


1 


s, c 


M 

4 


1 


J G{1,2,...,M-1} 


AM 


2 


a, T 


1 

16 






9 
16 
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to the (doubled) Neveu-Schwarz sector T^ns from the fields a, r, a', r' which 
involve the Ramond sector; the latter are known as "twist fields" of the 
orbifold theory. 

The characters of the fields in the big Fock space are given by 

^Sr(^) = R^V.(^) (4-26) 
for j = 1, 2, ... , M, where it is understood that 

and by 

^o^'iQ) = [Vo(?) + A,o(-?)] , ^T{q) = [^A/,o(?) - A,o(-?)] ■ 

Here the functions i>M,j the infinite sums 



One has 0, p. 240] 



It follows in particular that 

^T{q)-xT{q) = ^y (4.28) 

and 

XT'{q) + xr{q) = '^^^^- (4.29) 
Note that the spectrum of WZW theories for even and odd A^, displayed 



in Tables |2.1| - |2.3| , is rather similar. However, to obtain the spectrum of 
the coset theory also the structure of the conjugacy classes of 5o(A^)-modules 
plays an important role, and these are rather different for even and odd A^.Q 
As a consequence it depends on whether A^ is even or odd which c = 1 orbifold 



^Also, for odd N in the Ramond sector an additional complication arises, namely a 
so-called fixed point resolution is required Bs, Ga] . 
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one obtains as the coset theory. Namely, for N = 2i one finds M = N/2 = i, 
while M = 2N hi N = 2£+ 1. 

The decomposition of the products of level one characters looks as follows. 
For N = 2i we have 

ry(l)l2 _ yC-/ y(2) I yc;£ y(2) , yC'/ y(2) 

[Aq j — Aq Aq -t- Ay Ay -t- / ^ Ajjj Ayj , 

2<j<<? 

j even 



rv(l)12 _ -yc-/ v(2) I -yc-/ v(2) i \ ^ v'^'^ v'^^ 
[Ay J — Aq Ay -|- Ay Aq -|- / ^ Ajjj A 



2<j<£ 
_7 even 



' (4.30) 



y(i) y(i) — \ y*^;^ y 



(2) 

[i] 

l<j<< 

J odd 



where it is understood that 

4]'(?)=Xf(g) + Xf(g). (4.31) 
For = 2£ + 1, the tensor product decomposition reads instead 

ry(i)l2 _ yc;2Af y(2) , yc;2Af y(2) I \^ yC;2Ar ^(2) I yC\2N y(2) 

[Aq j — Aq Aq -t- Ay Ay -t- A[2j] Aj^-j -t- ^\1N-Ij\ ' 

2<i<l 'i-<3<l 
j even j odd 

ry(i)l2 _ yc;2Ar y(2) i yc;2Af y(2) _|_ \^ yC;2Af T^(2) I yC;2N y.(2) 

[Ay J — Aq Ay Ay Aq ^ Aj2j] A^] ^ ^ [ 2 AT - 2 J ] '^[i] ' (-4 

2<j<« l<j<« ' 

J even J odd 

y(l) y(l) _ yC;2iV [^(a) , ^(2)1 i \^ yC;2Af y.{2) , yC;2N ^(2) 

Ao Ay — A [27V] L^o Ay J -^[2N~2j] ^[j] ~^ /-^ ^\2j\ ^[j] • 



2<j<t l<j<« 
j even j odd 



It is worth noting that these formulae can be proven without too much effort, 
whereas in general it is a difficult task to write down such tensor product 
decompositions. Tools which are always available are the matching of con- 
formal dimensions modulo integers as well as conjugacy class selection rules, 
which imply so-called field identifications. In the present case, we can 



e.g. use the fact that the sum of conformal weights A^- = i[N — j)/2N 



and A^'*'' = k"^ /AM is (for generic N) a half-integer only if = 2^2M/N or 
k = {N-j)^2M/N. Also, there is a conjugacy class selection rule which im- 
plies that the tensor product of modules in the Neveu-Schwarz sector yields 
only modules which are again in the Neveu-Schwarz sector, and the corre- 
sponding field identification tells us e.g. that the branching function 6y'y^y(g) 
coincides with h'^^^'.^{q) = X'^'^^q). 
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As it turns out, we are even in the fortunate situation that together 
with the known classification of unitary c = 1 conformal field theories, these 
informations already determine the tensor product decompositions almost 
completely. In particular, the value of M of the c = 1 orbifold is determined 
uniquely, and one can prove that there are not any further field identifications 
besides the ones implied by conjugacy class selection rules. Hence ( |4.30| ) and 



(|4.32| ) can be viewed as a well-founded ansatz, and the remaining ambiguities 
can be resolved by checking various consistency relations which follow from 
the arguments that we will give in Subsections 4.3.3 and 4.3.4 below. Another 



possibility to deduce ( [4.30| ) and ( [4.32| ) is to employ the conformal embedding 



of so(A^)2 into u(A^) at level one |^9|, which corresponds to regarding the real 



fermions as real and imaginary parts of complex-valued fermions. 
4.3.2 Characters for the Sectors of 21 

The characters of submodules of the space TYns; i-e. the trace of over the 
modules, can be obtained as follows. Let i^, Pj and denote the projec- 
tions onto 7^0, ^.j and for mGN, respectively. Then the representation 
matrices Qijt) and Qiji'^t) of 0(2) decompose into projectors as 

oo 
m=l 

and 

oo 
m=l 

It follows in particular that the projectors can be written as 

Po = ^ dt [g(7*) + Qimt)] , Pj = ^ dt [Q(7*) - Qimt)] , 

Jo Jo 

= h ^^'"^ ^(^*) for m G N . 

For the irreducible 2l-sectors in TtIns, the (9(2)-transformation properties of 
the x*'^ and ai*'^ together with the action of Lq^ (compare (|4.25|) ) imply the 
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following. First, 



(NS) 



^0 n 'vTo— n 



m=0 m=0 

This can be rewritten as 



^TiQ) = i I'M 

Jo 



where (p is Euler's product function ( p.5|) and 

oo 



n=l 



Using also the identity p. 240] 



e(g;z) = 5^(-irg' 



,n(n— 1)/2 n 

A/ 



we finally arrive at 



where we introduced the functions 



e^,^(g) = 5^ ^K+"^i+...W,)/2 ^ ^ ^„.V2 (4.34) 

mi,m2,.--,mjvGZ meZ'^ 
mi+m2 + ...+mjv=m J] mi=m 

for m G Z. 

Analogously, we find 

and 

(4.36) 
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for m G N. (Note that the latter result does not depend on whether Jj^j or 

P[m] is used, since Q^^M = ^n,-M-) 

Expressing the integer m either as m = nN + j or as m = (ra + 1)A^ — j 
with 1 < J < ^, by shifting the summation indices we obtain the relation 
6>7v,n7v+j(?) = g"^+"''^/'e^^^.(g). Hence we have 

^rnV,](?)=?"^'^"'''/'4l(^)' (4-37) 
in the same manner we obtain 

4n+i)iv-,](?) = Xi^f (g) . (4.38) 

For j = we have instead 

for all n > 0. 



4.3.3 5o{N)2 Characters for Even 

When we use the information about the highest weight vectors with respect 
to the affine Lie algebra sb{N) at level 2 that we obtained above, we can 
derive the characters of the irreducible highest weight modules of so(A^)2 
by comparing the decomposition ([4.9|) with the decompositions (|4.30|) and 
(|t:3^ ). We first consider the case = 2£. 
By comparison of ( [4.9|) with (^4.301) we find 

X^iq) X^\{q) = (g) + Xf^_^.](g) + Xf^+^.](g) + Xf^V.il?) + • • • 

oo 
n=0 

for even j. Using ([4.37|) and (|4.38| ), this becomes 
xg(g)xS(g) =X|;f(g)5^g"^-+"^^/2 

= q-^'"'' i^i/q) X^^iq) = q-^'"^ ^,,(g) • 

Analogously, with ( [4.30| ) we obtain the same result for odd j. By inserting 
the coset characters Xj^jj ( [4.26|) we then get 

\j]K.q)-q (¥'(g)r-i ■ ^^"^^^ 
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For j = i one has to read this result with ( 4.31| ), which means that our 
result only describes the sum of the irreducible characters Xg^' and X^^'. By 
comparison with ( [4.36| ), we may also rewrite the result in the form 



■^[nN+j] 



^mW) 



for J = 1,2,... J. 

Comparing (|4.9| ) again with (^[S^), we also find 

oo 
n=l 

= + Xf{q)] [| + I i^eM - Xfiq) 

~ 2{^{q^))N +Vi,o\.Q) 2{ip{q))N 

and 

oo 

xfiq) X^\q) + X'^fiq) X^\q) = Xf{q) + 

n=l 

(y^(g))^ , , . ._^nAsL 



(4.40) 



(4.41) 



Subtraction of ( |4.42| ) from (^4.41|) yields 
so that by inserting ( [4.28| ) we obtain 



(4.42) 



(4.43) 



Analogously, by adding ( [4.41|) and (|4.42|) we get 

[xfiq) + xfiq)] ■ [xTiq) + X^^^q)] = i^.^M 
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and hence inserting ( [4.29| ) we obtain 



Qjv,o( g) 



Xf\q) + X^^\q) = rJ^^. (4.44) 



In summary, we have derived that 



Further, comparison with ( [4.33| ) and ( |4.35| ) yields 



while comparison with (|4.36| ) and (^4.37|) shows that 



(4.45) 



xTiQ) + Xfi^) = ^ + n^H?)] , (4.46) 



n'^N/2 

xf„V](?) = ^ [xf (g) + xr(g)] . (4.47) 

4.3.4 5b{N)2 Characters for Odd N 

Now we consider the case N = 2£ + 1. From (|4.9| ) and (|4.32|) we find 



(?)] 

?i=0 

^bl (^) E = ^2iv,2, (?) Xi^-f (g) 



87 



for j even, and 

oo 

(?) + 



n=0 



^rK^) ^ ^-(2n+l)j+(2n+l)2Ar/2 



N 



for j odd. By inserting the coset characters (|4.26| ) we then arrive once again 
at the formulae (g) and ( CT) for j = 1, 2, ... , £. 
In the same manner we find 

oo 



n=l 



2n'^N 



Xfiq) 



and 



^(g) (g) + ^(g) X(^)(g) = (g) + 



n=l 

\7V 



"2((p(q2))A' +V^2W,oWJ 2(^(g))^ 



Thus we also obtain again the relations ( |4.43| ) and ( [4.44| ) for X^^' and X^^', 
and hence also (|4.45|) and ( [4.47|) . 



4.4 Decomposition of the Tensor Product 

The comparison of the so(A^)2 characters with characters of the 2t-sectors 
will now yield the complete decomposition of the big Fock space into tensor 
products of irreducible io(A^)2-modules and ^Jir'^-modules. 



88 



4.4.1 Evaluation of the Character Formulae 



Let us now summarize some of our results on the tensor product decompo- 
sitions. To this end we first note that q'^/^piq) is precisely the character of 
the Verma module M(c, A) of the Virasoro algebra. For central charge c = 1 
the Verma module M(c, A) is irreducible as long as 4A 7^ for m G Z; 
otherwise there exist null states. The characters of the irreducible modules 
V^(l, A) of the c = 1 Virasoro algebra are then given by 

^.^ . {(fiiq))-^ [g™'/^ - g(™+2)V4] if A = 12! with m G Z , 



(<y9(g)) ^ q^ otherwise. 



Thus for A = with mGZ the Verma module character can be decom- 

posed as follows: 



_ 00 CO 



Correspondingly we write 



fft V{1, ^JI^±^) if A = with mGZ, 

l^(l,A)=<; ^ (4.48) 

y(l,A) otherwise. 

Using also the formulae ( 4.21|) and ( 4.24 ) for the coset conformal weights, 
we can summarize our results of Section 4.3 by the following description of 
the big Fock space TYns- Recalling the decomposition 

00 

Urn = no(Bnj® 0(Hh ® c') 

m=l 

of T^Ns into 2l-sectors, we can express the splitting of ?^ns into tensor products 
of the Virasoro modules ( ^.48| ) and the irreducible highest weight modules 
of so(A^)2 (that is, ni'\ T^f , and also > and H^?^ when = 2£) as 
follows. Our results show 

Theorem 4.4 For the ^-sectors H[m], m = 1,2, ... , we have 

n^uN] = © K'] ® Wil, A;^ J , (4.49) 
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for n = 1,2, ... , as well as 



'HinN+j] 
'H[{n+l)N-j] 



-1/(2) 
-1/(2) 



1^(1, A' 



(4.50) 



/orn = 0,1,... and i = 1,2,..., ^ -I. When N = 21+1, (^Jdj) also holds 
for j = i, while for j = i and N = 2£ we have 



(4.51) 



for n = 0, 1, ... . The modules W{1, A) appearing in these decompositions are 
all irreducible as long as \/2N ^ N. Otherwise we can write N = 2K'^ with 
K en, and then the modules W{l,A^^.^) and W{l,A^^.j), W{l,A^^.^j) with 
j = mK , m = 1,2, ... and j < i, split up as in ( \4.4^ )- 

Besides the coset Virasoro generators, the chiral symmetry algebra of the 



orbifold coset theory contains further operators [T3]. The observation above 



imphes in particular that when acting on 2l-sectors other than T-Cq and Tij, 
for \/2N ^ N all these additional generators make transitions between the 
sectors of the gauge invariant fermion algebra 21; for = 2K^ {K G N) the 
additional generators generically still make transitions, except that they can 
map sectors with j = mK to themselves. It follows in particular that we 
can distinguish between elements of the coset Virasoro algebra and elements 
of the full coset chiral algebra which are not contained in the coset Virasoro 
algebra by acting with them on suitable 2l-sectors. 



4.4.2 The Sectors 7io and Tij 

It still remains to analyze the decomposition of the 2t-sectors TCq and Hj 
explicitly. From ( |4.46| ) we conclude that 

no®nj = [n^^ © K'' ] ® w{i, o) . (4.52) 

Now iy(l,0) is always reducible, independent of the particular value of the 
integer N. We first claim 
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Lemma 4.5 The characters Xq^ and Xj^ decompose as follows: 

oo oo 
VNS _ v(2) \ ^ v^ir I v(2) \ vVir 



fe=0 fc=0 
oo oo 



(4.53) 



vNS _ v(2) \ ^ v'^i'' -L v(2) \ ^ v^ir 
'^J — '^o ^^(2^+1)2 "T '^v / , ^(2fc^2 • 



■-(2^)2 

fc=0 A;=0 



Proof. We compute 



VNS/^N _ QjV.o(g) I (y^(g))^ ^ V^/ .^kk^ 

_ QAf.o(g) (y^(g))^-2 r (2fc)2 9^(2fc+l)2 , ^(2fc+2)2 

fc=0 

oo 



fc=0 



oo 



fc=0 

oo oo 
fc=0 k=0 

(in the first line we used ( |4.27|) ), and analogously for Xj^. □ 

Hence we arrive at 
Theorem 4.6 For the ^-sectors TCo and TCj we have 



no = W:^®^V{l,{2kf) © Ht^)®0y(l,(2A: + l)2), 

fc=0 fc=0 
oo oo 

nj = W:^®^V{l,{2k + lf) © 7^r©0l^(l,(2fc)2). 

fc=0 fc=0 



(4.54) 



It follows that besides |fio'°) = \ flo) and 1^2^°) = l^v), there must exist fur- 
ther simultaneous highest weight vectors of sb{N)2 and the coset Virasoro al- 
gebra, namely, for k = 0,1, 2, ... , highest weight vectors |(]°'^''+^), |(]°'^''+^) e 
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Ho and e Hj, with so(iV)2-wcights Ao, Av, Ao, A,, re- 

spectively, and with coset conformal weights {2k + 2)^, {2k + 1)^, {2k + 1)^, 
(2/c + 2)^, respectively. Those vectors with unit coset conformal weight have 
a relatively simple form. Define 



Z-l/2 — < 

Then 
as well as 



( i 

(•^-i/2'^-i/2 

fc=i 



^ 1 /o^ 1 /o •^-l/2'^-l/2y 



for iV = 2£ , 



it=i 



2^_'l/2^-'l/2 •^-l/2'^-l/2) "I" •'^-1/2 — 2£ + 1 . 



) ~ [•^-l/2'^-l/2'^-l/2 + 2;_'3/2a:J;^/2 + •^-3/2'^-l/2] • 



3/2-^-1/2 



-3/2-^-1/2] 



In contrast, the highest weight vectors with larger coset conformal weight 
are more difficult to identify. 



4.4.3 A Comparison of Algebras 

From gauge invariance and also from the decomposition of TYns one can 
deduce a lot of information about inclusions of the algebras of bounded op- 
erators that are associated to several Lie algebras acting in the big Fock 
space. By Sl^pg and Sl^ji^c we denote the C*-algebras associated to the full 
coset chiral algebra ^os = (sb(A^)i ©sb(A^)i)/sb(A^)2 and its Virasoro subal- 
gebra QJir'^, respectively. Clearly we have Sl^os C 2l^2w follows by gauge 
invariance of ^Jir'^ that 

2l2Jir^ C 21 . 

Since the full coset algebra €o5 involves different 2l-sectors we have in con- 
trast 

i.e. not the whole operator content of the coset chiral algebra is (9(2) invari- 
ant. Furthermore, we have by gauge invariance 

2lwzw U C 21. 
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However, this is a proper inclusion since at least the multiplicity space 
iy(l,0) in ( [4.52| ) is reducible. In other words, there is a gauge invariant 
operator content in Qlcos besides Sl^jjit^^ which may be enlarged if V2N G Z. 



4.5 Remarks 

We conclude this chapter with some general remarks on our analysis. 



4.5.1 Remarks on the Characters 

Our idea to employ the representation theory of the gauge group 0(2) allowed 
us to deduce simple formulae for the characters of the (Neveu-Schwarz sector) 
irreducible highest weight modules of sb{N) at level 2. They are given by 
the expressions (|]39]) for and j ^A^ for and X^^\ Note that, not 



surprisingly, these results have a simple functional dependence on the integer 
N, even though the details of their derivation (involving e.g. the relation with 
the orbifold coset theory) depend quite non-trivially on whether N is even 
or odd. 

Our results for these characters are not new. In the conformal em- 
bedding of sb{N)2 into u(A^) at level 1 was employed to identify (sums of) 
sb{N)2 characters with characters of su(A^)i. Indeed, the restricted summa- 
tion over the lattice vector meZ^ in the formula ( [4. 34] ) for Qjyrnil) precisely 
corresponds to the summation over the appropriately shifted root lattice of 
su(iV). 

With the help of the conformal embedding only the linear combination 
^ + X^^ of the irreducible characters X^ ^ and ^ is obtained, which is 
just the level 1 vacuum character of su{N). However, the orthogonal linear 



combination X*,^' — X'^^ is known as well; it has been obtained in [pSj p. 233] 
by making use of the theory of modular forms. 



4.5.2 A Homomorphism of Fusion Rings 

In the previous section we were able to identify the sb{N)2 highest weight 
modules within the sectors of the intermediate algebra 21 which are governed 
by the gauge group 0(2). Our results amount to the following assignment p 
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of the 0(2) -represent at ions to the WZW sectors: 
p($o) = l, p($j)=v, 

P{'^[{n+1)N]) = 1 + V, 

p{^[{n+l)N~j]) = for j = 1, 2, 1 , 

f s + c for = 2£ , 

p($[(n+i)A.-,) = I ^^^^ iorN = 2i+l, 

for n = 0, 1, 2, ... (Note that in the case of $o and $j, the action of p does 
not directly correspond to the decomposition of the 2t-sectors into so(A^)2 
sectors.) 

The multiphcation rules of the representation ring 7^0(2) '^^ ^(2) are given 
by the relations ( |4.7| ). The level 2 WZW sectors generate a fusion ring, too, 
which we denote by TI^^zsn- "^^^ ^^^S "^wzw ^ fusion subring T^^g which 
is generated by those primary fields which appear in the big Fock space TYns- 
The fusion rules, i.e. the structure constants of T^wzw '^^^ computed with 
the help of the Kac- Walton and Verlinde formulae (see e.g. PD[] ). 

Inspection shows that T^^g is in fact isomorphic to the representation 
ring of the dihedral group V^. Now for any the group "Da? is a finite 
subgroup of 0(2). As a consequence, the mapping p actually constitutes 
a fusion ring homomorphism from the representation ring 'R-o{2) ^(2) to 
the fusion subring T^j^g of T^wzw ^^^^ easily checked that for odd 

A^ the homomorphism p is surjective, while for even A^ the image does not 
contain the linear combination s — c.) This observation explains to a certain 
extent why, in spite of the fact that the WZW observable algebra 2twzw is 
much smaller than the 0(2)-invariant algebra 21, the group 0(2) nevertheless 
provides a substitute for the gauge group in the DHR sense. But even in view 
of this relationship it is still surprising how closely the WZW superselection 
structure follows the representation theory of 0(2). 

One may speculate that the presence of the homomorphism p indicates 
that the gauge group 0(2) is in fact part of the full (as yet unknown) quantum 
symmetry of the WZW theory that fully takes over the role of the DHR gauge 
group. This is possible because all sectors in the Neveu-Schwarz part of the 
WZW theory have integral quantum dimension. This is however a rather 
special situation as in rational conformal field theory sectors with integral 
quantum dimension are actually extremely rare. 



p[^[nN+j\) = 
p{^lnN+i]) = 
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4.5.3 Discussion and Outlook 



It would be desirable to incorporate also the twisted sectors cr, cr', r, r' {N — 
2i) respectively cr, a' {N — 2i + 1) in our analysis. These modules appear 
in the tensor products that contain also the Ramond sector of the level 1 
theory. In order to avoid severe technical difficulties we did not treat Ra- 
mond fermions here. More precisely, we expect the twisted sectors to be 
reahzed in the tensor product TYns ® "Wr- When one tries to incorporate this 
space in our analysis several unsolved problems arise. The level 2 currents 
acting in T^ns are of the form J^^ + where each summand acts non- 
trivially on the corresponding tensor factor. Since J^^ is constructed from 
Neveu-Schwarz fermions and from Ramond fermions the (9(2)-invariance 
is less obvious. However, there is an argument coming from the framework 
of bounded operators that states that (9(2)-invariance is just hidden here: 
Although this is not yet proven, local normality of the local algebras of 
bounded operators associated to the WZW model is expected to hold also 
for the twisted sectors. Hence the local algebras in any sectors are isomorphic 
so that 0(2)-invariance is given implicitly from the vacuum sector. Unfor- 
tunately the decomposition of TYns 'S> "Wr into sectors of the gauge invariant 
fermion algebra cannot simply be provided as in TYns since the associated 
state cupj^g ® us^ is neither pure nor gauge invariant. Moreover, the explicit 
formulae for the highest weight vectors in TCr at level 1 are already much 
more complicated as those in TC^s- Therefore we beheve that one needs some 
new ideas to treat the twisted sectors as well. 

Perhaps a more hopeful task is the generalization of the analysis to higher 
levels A;"^. Then one has to investigate the A:"^-fold tensor product TYns = 
TY^g which arises from the Fock representation that is associated to the 
basis projection Pns ® Ifcv of /C ® C'^ . The level current operators are 
then invariant under the gauge group 0{k'^). Owing to the more complex 
representation theory of the group 0{ky) the DHR decomposition of the big 
Fock space TYns into sectors of the gauge invariant fermion algebra 21 will 
become more complicated. Moreover, at higher level most of the sectors 
have non-integral quantum dimensions. Since one cannot expect that such 
sectors possess a simple assignment to the 2l-sectors as it is reahzed in the 
fusion ring homomorphism at level 2, the identification of the simultaneous 
highest weight vectors of so(iV)fcv and the Virasoro algebra of the coset theory 

[sb{N)f'^ )/5b{N)kv may be more involved. Further complications arise since 
the central charge of the coset Virasoro algebra then depends on N, namely 
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it is given by 

^_ iVr(A;^-l) 
^ ~ 2{N + k'' -2) ' 

The most hopeful generahzation is possibly the application of our ideas 
to 5u{N) WZW models. Fortunately, no Ramond fermions are needed there; 
all the level 1 su{N) unitary highest weight modules are realized in one and 
the same Fock space even though with an infinite multiplicity. At level A;^, 
the DHR gauge group that appears is given by U{k^). It will be interesting 
to study the relationship between the representation ring of U{k^) and the 
WZW fusion ring in these cases where most of the sectors have non-integral 
quantum dimension. 
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